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Quantities of physical interest in a mechanical system are often described 
as time averages along the trajectories of the system. Since such averages are in 
general difficult to compute, a fundamental idea which goes back to Boltzmann 
is to replace them with averages over the phase space. In the mathematical 
formulation, a flow (M, fi) on a manifold M, generated by a smooth vector 
field X, is ergodic if the time averages of any integrable function converge with 
probability one to the average with respect to the invariant probability measure 
fi as 'time' goes to infinity. It is therefore a relevant problem to establish 
quantitative estimates on the speed of convergence and on the asymptotic 
behaviour of time averages of functions in ergodic systems. However, a basic 
result in ergodic theory [50, §3.2 B, Th. 2.3] states that for a general integrable 
function the speed of convergence can be arbitrarily slow. It is then reasonable 
to restrict the class of functions under consideration to functions with a certain 
degree of smoothness. 

For many systems with strongly chaotic, hyperbolic behaviour the Central 
Limit Theorem (CLT) is known to hold. Examples include smooth uniformly 
hyperbolic systems, like geodesic flows on compact manifolds of negative cur- 
vature (Sinai, Ratner), discontinuous uniformly hyperbolic systems, like bil- 
liards with convex scatterers (Sinai's billiards) and non-uniformly hyperbolic 
systems, like Bunimovich's billiards (the reader can consult the survey by M. 
Denker [10] or the more recent papers by L.-S. Young [75], [76]). The CLT 
states that, for any Holder continuous function / on M, 



in the sense of probability distributions, where M(0, o~f) is the normal (Gauss- 
ian) distribution with zero mean and variance a 2 . A related result, also known 
for some examples of hyperbolic systems [10], is the so-called Law of Iterated 
Logarithms (LIL). The LIL provides the following almost everywhere upper 
bound on the deviation of ergodic averages: 
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If CLT and LIL hold, then the stochastic process {fo^ x } T< z^ on the probability 
space (M, ji) behaves to some extent as if it were truely random (i.e. such as 
outcomes from flipping a coin or the Brownian motion). 

In the non-hyperbolic case less is known. If the system is uniquely ergodic, 
the convergence of ergodic averages is uniform, with respect to p G M, for all 
continuous functions. It is therefore natural to ask for pointwise estimates on 
the deviation of ergodic averages. A fundamental and well understood example, 
for its relevance in Hamiltonian mechanics, is given by regular quasi-periodic 
motions on tori, which have zero topological entropy, are never mixing but 
generically are uniquely ergodic. In particular, for a generic smooth aperiodic 
conservative flow on the 2-dimensional torus T 2 , the Denjoy-Koksma inequality 
[25, Chap. VI, §3] and the metric (measure) theory of continued fractions [36, 
Chap. Ill, Ths. 30 h 31] imply that, if / is a function of bounded variation, 
then for all p£T 2 and any a > 0, 

(0.2) 



/ f{* T x(p))dr - r f fd» 

Jo Jm 



<C a Var(/) log T (log log T) 



l+o 



In addition, if / is sufficiently smooth, a Fourier series argument shows that 



(0.2') 



J o 



* T x(p))dT 
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r fd^ 



as a consequence of the existence of smooth solutions of the cohomological 
equation Xu = f — j M f dp,. Conservative aperiodic flows on tori are examples 
of elliptic dynamics, characterized by very slow or no divergence of nearby 
orbits. Hyperbolic systems display exponential divergence of orbits, which is 
the fundamental source of their strongly chaotic properties. 

The above results leave open all intermediate cases. A lemma proved 
by M. Ratner [51, Lemma 3.1], based on the Chebychev inequality, states 
that polynomial decay of correlations implies polynomial speed of convergence 
of ergodic averages. According to Ratner, if a function / has polynomial 
decay of correlation with exponent < cc/ < 1, then for any e > there are 
P := P £ C M with fj,(P) > 1 - e and T P > such that, if p G P, 



(0.3) 



/ f{* T x (p))dT - r [ /dp 

Jo Jm 



< T 



l-a' 



for all T > Tp, where a' := a'^ = aj/8. Ratner's result was proved with the 
horocycle flow on a compact surface of constant negative curvature in mind 
and for which the required polynomial decay of correlations was known [52]. 
In the horocycle case Ratner's result was improved upon by M. Burger. He 
proved [7, Th. 2 (C)] that, if M is the unit cotangent bundle of a compact Rie- 
mannian surface R of constant negative curvature, then (0.3) holds uniformly 
for all p 6 M with exponent < a' < 1 determined by the smallest non-zero 
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eigenvalue of the Laplace-Beltrami operator on R. The results of Ratner [52] 
and Burger [7] are based on the Fourier analysis for the Lie group PSL(2,R). 
The horocycle flow, which is uniquely ergodic and mixing, is an example of 
parabolic dynamics, characterized by polynomial divergence of nearby orbits. 

In this paper we establish results on the asymptotic behaviour of ergodic 
averages for a class of conservative flows with isolated canonical saddle singu- 
larities on higher genus surfaces. Such flows were originally introduced and 
studied mainly by the Russian school as a simple model of the dynamics of 
Hamiltonian systems in the case of a 'multivalued' Hamiltonian, as in the pres- 
ence of an electromagnetic field [48, §6], or other first integral, as in the case of 
billiards in rational polygons and related systems [77]. L.-S. Young [74] proved 
that all continuous flows on surfaces have zero topological entropy. A.V. Ko- 
cergin [37, §5, Th. 3] established the mixing property for ergodic flows in case 
all singularities are (degenerate) mixing saddle points [37, Def. 5.3]. To the au- 
thor's best knowledge, no satisfactory estimates for the decay of correlations 
are known and mixing is an open question in case one of the saddles is of Morse 
type (a recent result of B. Fayad [16, I, Th. 3.1] for flows on the torus suggests 
that flows with mixing saddle points should have polynomial decay of corre- 
lations). In contrast to the asymptotic behaviour of ergodic averages, which 
essentially depends only on the orbit foliation, the mixing property for flows 
with singularities is extremely sensitive to time changes. In fact, if the return 
time function (to a transverse interval) is of bounded variation, then the flow 
is not mixing [30]. In this case the flow cannot however be continuous. The 
(unique) ergodicity on the complement of the singular set for generic flows, 
known in the related case of interval exchange transformations as the Keane 
conjecture, was finally proved by H. Masur [43] and W. Veech [65]. 

A. Zorich, motivated by a question of S. P. Novikov [48, §6] on the semi- 
classical trajectories of an electron on the Fermi surface of a metal [82, §§1.3 
& 1.4], has discovered in numerical experiments a striking non-standard be- 
haviour of ergodic averages. In his papers [78]-[82] and his joint paper with 
M. Kontsevich [38] he has proved several partial results and formulated con- 
jectures that draw a fairly complete picture of the new phenomenon. In [18] 
the author has proved the existence of distributional obstructions, not given by 
measures, to solving the cohomological equation Xu = f. As a consequence, 
the estimate (0.2') can be proved only for a finite codimensional subspace of 
the space of smooth functions (described by the vanishing of a finite number 
of invariant distributions), in agreement with Zorich's conjectures. This paper 
essentially completes Zorich's program on the deviation of ergodic averages. 
The approach followed is Zorich's and, especially, Kontsevich-Zorich's [38], ex- 
cept for the relevant role played by invariant distributions and by the methods 
developed in [18]. The results obtained below, together with those of [18], show 
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that the dynamics of generic conservative flows on higher genus surfaces differs 
significantly from the genus one case. It appears in fact to be closer to the 
behaviour expected in the parabolic case, represented by the horocycle flow. 
This phenomenon can heuristically be explained by the divergence of nearby 
orbits produced by saddle-like singularities that are unavoidable in the higher 
genus case [33, Chap. 8, §4]. 

Let M be a compact orientable surface of genus g > 2, let (E,z) be a 
divisor on M, in the sense that E := {pi, ... ,p a } is a finite subset of M and 
i := (ii, ... ,i a ) G Z°", with the properties that < for all k G {1, ... ,a} 
and Ylk l k = 2 — 2g. Let T l [M, E) be the space of orientable measured folia- 
tions, in the sense of W.Thurston [62], with (possibly degenerate) saddle-like 
singularities of canonical type at E, of index i\~ at p^ for each k G {1, . . . , a}, 
and no regular leaves homologous to zero. Let to be any smooth non-negative 
2-form on M, positive on M \ E, allowed to have zeroes at E. Let S^(M, E) 
be the space of all smooth w-preserving vector fields on M \ E such that 
the form rjx '■= «xw is smooth (and closed) on M and the orbit foliation 
Tx '■= {vx = 0} G J- l {M, S). The main goal of the paper is to prove the 
following result, conjectured by M. Kontsevich and A. Zorich [38] on the basis 
of numerical experiments: 

Theorem 0.1 (Theorem 9.6). For 'almost alV X G f*(M,E), the flow 
<& T X has a deviation spectrum in the following sense. There exists a finite set 
of exponents 

(0.4) X[(X) = 1 > X' 2 (X) >■■■> \' 9 (X) > 

and a splitting of the space Z X (M) of X-invariant distributions of order 1 (i.e. 
solutions V G H~ l (M) of the equation XV = 0) 

(0.4') 1 X (M) = xi(Ai) exi(A' 2 ) e • • • (B1 X (K) 

such that the following holds. Let f G Hq (M \ E) be a weakly differentiable 
function with L 2 partial derivatives, supported in M \ E, such that 

(0.5) V x (f) = 0, for allV x £l x (\' l )®---®l x {\' i ) . 

If i < s in (0.5), then for all p G M with regular forward trajectory, 

fna\ v lQ gl/o r /( $ *(p,T))dT| . 

(0.6) hmsup < A i+1 (X) 

r ^+oo log i 

anc? i/iere exists G Tx(A^ +1 ) \{0} st/c/i that, if V x +l (f) / 0, then equality 
holds in (0.6) for almost all p G M. 

If i = s in (0.5), £/jen, for all p G M mt/i regular forward trajectory, 

fnR n y log|/ r /(^(p,r))dr| 

(0.6 hmsup — — = . 
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The multiplicities mi(X) := dimXx(A0 satisfy the conditions Yli m i(X) = g 
and mi(X) = 1, since Xx(A' 1 ) = R-w . The deviation spectrum with multiplic- 
ities {(A^pf), mj(X)) \ i = l,... ,s} is locally constant on £^(M,T,). 

The measure class on £^(M, S) is the (standard) one obtained by con- 
sidering the Lebesgue measure on the A. Katok's fundamental classes of area- 
preserving vector fields. The fundamental class of a vector field X G E^{M, S) 
is, following [29], the cohomology class of the closed 1-form r\x ■= ix^> in 
H 1 (M, X; R). The pull-back of the Lebesque measure class on the cohomology 
vector space under the map £^(M, S) — ► H l (M, S;R), given by X — > [r/x], 
yields the measure class considered in the statement of Theorem 0.1. The 
symbols H X {M), H~ 1 (M) denote the standard L? Sobolev spaces on the com- 
pact manifold M [1]. The space H X {M) is defined as the space of L 2 weakly 
differentiable functions with L 2 partial derivatives and the space H~ l (M) as 
the dual of the Banach space H l (M). The space H^(M \ S) C H l {M) is the 
subspace of functions with compact support in M \ S. 

In the case i = 0, the statement of Theorem 0.1 follows immediately from 
the (unique) ergodicity of 'almost all' vector fields (the Keane Conjecture, 
proved by [43], [65] and later on by several other authors by different meth- 
ods) and from Birkhoff's ergodic theorem. In fact, the continuous embedding 
H X {M) C L l {M, u) holds by the Holder inequality. In case the function / 
has zero average, by the theory of sign changes of ergodic integrals [50, Chap. 
3(C)], the lower limit of the quantity in (0.6) is — oo and the limit does not 
exist for almost all p £ M. In the related case of interval exchange transforma- 
tions, A. Zorich [80], [82] proved a statement similar to Theorem 0.1 for linear 
combinations of characteristic functions of the sub-intervals. He conjectured 
that all the exponents in (0.4) are non-zero and that the spectrum is simple, 
in the sense that all the multiplicities mi = • • • = m s = 1 (hence s = g), as 
suggested by the numerical evidence and the results he had presented in [78], 
[79], [80]. We were unable to prove the part of the conjecture concerning the 
simplicity of the spectrum, except in the case g = 2. In [38] M. Kontsevich 
and A. Zorich conjectured that, in the case of area-preserving flows on surfaces, 
Zorich's theorem could be generalized to smooth functions. The role played 
by invariant distributions was not part of the Kontsevich-Zorich picture. The 
author regards it as his most important contribution to the subject. 

The proof of Theorem 0.1 is based on several results, concerning the Te- 
ichmiiller geodesic flow, which, we believe, are of independent interest. Follow- 
ing the conjectural approach outlined in [38], we have proved the non-uniform 
hyperbolicity of a 'renormalization' cocycle, introduced in [38], and earlier in 
a different form in [79], [80]. The Kontsevich-Zorich cocycle is a flow on a 
symplectic vector bundle over the moduli space M. g of holomorphic quadratic 
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differentials on Riemann surfaces of genus g > 2. The fiber of the vector bundle 
at a quadratic differential q is the cohomology vector space with real coeffi- 
cients H l (M q , R) of the Riemann surface M q carrying q. The cocycle is defined 
as a lift of the Teichmiiller geodesic flow, obtained by parallel transport of co- 
homology classes with respect the canonical flat (Gauss-Manin) connection of 
the bundle. Since the Kontsevich-Zorich cocycle is defined on a symplectic 
vector bundle (of dimension 2g), it has a symmetric Lyapunov spectrum: 

(0.7) Ai = 1 > A 2 > • • • > X g > > -X g > A 2 > -Ai = -1 . 

The numbers A' X (X) > • • • > X' S (X) > appearing in the statement of Theo- 
rem 0.1 are the distinct positive Lyapunov exponents of the Kontsevich-Zorich 
cocycle with respect to the canonical absolutely continuous invariant measure 
of the Teichmiiller flow on the appropriate connected component of a stratum 
of the moduli space determined by X G ££(M, £). We prove the following 
result: 

Theorem 0.2 (Corollary 2.2 k, Th. 8.5). (i) The first Lyapunov exponent 
X^ = 1 of the Kontsevich-Zorich cocycle, with respect to any ergodic probability 
measure jjl of the Teichmiiller flow on the stratum of squares of holomorphic 
differentials, is simple. In fact, the second Lyapunov exponent A2 < 1. 

(ii) The Kontsevich-Zorich cocycle is non-uniformly hyperbolic with re- 
spect to the canonical absolutely continuous invariant probability measure of 
the Teichmiiller flow, in the sense that, for (Lebesgue) almost all quadratic 
differentials on each connected component of a stratum of squares, 

(0.7') Ai = 1 > A 2 > • • • > X g > . 

The Lyapunov spectrum of the Kontsevich-Zorich cocycle contains all the 
non-trivial information on the Lyapunov spectrum of the Teichmiiller geodesic 
flow, which was proved by W. Veech [66] to be non-uniformly hyperbolic on 
each connected component of a stratum of quadratic differentials, with respect 
to the canonical absolutely continuous invariant probability measure. In fact, 
the explicit formulas (1.2') hold and Theorem 0.2 is therefore equivalent to the 
following: 

Theorem 0.2'. (i) All probability invariant measures of the Teichmiiller 
geodesic flow, in particular all periodic trajectories, on any stratum of squares, 
are non-uniformly hyperbolic, in the sense that the Lyapunov exponent 
{corresponding to the direction of the flow) is simple. 

(ii) The multiplicity of the Lyapunov exponent 1, on every connected com- 
ponent of a stratum of squares having a G {1, . . . ,2g — 2} distinct zeroes, is 
almost everywhere exactly equal to a — I, with respect to the canonical absolutely 
continuous invariant probability measure. 
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The proof of Theorem 0.2 (and of Theorem 0.2'), carried out in Sections 
2-5 and Section 8, is based on explicit equations for the Kontsevich-Zorich 
cocycle in appropriate coordinates, established in Section 2. By applying such 
equations, we are able to obtain a remarkably simple proof of Theorem 0.2 (i) 
(Corollary 2.2) and to compute formulas for the hyperbolic Laplacian of the 
logarithm of the volume on any isotropic fc-plane in H 1 (M, R) over Teichmiiller 
disks (in §3 and §5). In the particular case k = g, we obtain a new version 
of the formula obtained in [38]. The argument is thus reduced to a geometric 
problem concerning the determinant of the directional derivatives of the period 
matrix, which is solved in Section 4 by studying quadratic differentials near 
special boundary points of the moduli space. The complete proof of the non- 
uniform hyperbolicity of the Kontsevich-Zorich cocycle (Theorem 8.5) depends 
on additional information on the invariant sub-bundles (which could be in 
fact deduced, as remarked by A. Eskin, from [66]), studied in Section 6 and 
Section 8. 

Any holomorphic quadratic differential q on a Riemann surface M q can be 
identified with a pair (J- q ,F- q ) of transverse measured foliations (in the sense 
of [62]), the horizontal foliation T q := {9(<? 1 ^ 2 ) = 0}, the vertical foliation 
T_ q ■= {SR(gV2) = 0}. Let q be the square of a holomorphic (abelian) dif- 
ferential which is a regular point (in the sense of the Oseledec's theorem [49], 
[32, Th. S.2.9]) of the Kontsevich-Zorich cocycle. Let E+ [E~] C iJ^M^R) 
the unstable [the stable] subspace at q of the Kontsevich-Zorich cocycle. Such 
spaces have a dynamical interpretation, discovered by A. Zorich [78], in terms 
of the foliations T± q . Let j± q be the closed curve on M obtained as the union 
of a leaf of length T > of the foliation J-± q and of a 'short' segment of length 
< diam(Mg). Then the distance of the homology class ffi± q ] € H\(M,M.) from 
the Poincare dual of the subspace E^ is (uniformly) bounded for all T > 0. 
The cycles contained in the Poincare dual of the subspace E^ have been called 
[47, §7.9.3] the Zorich cycles of the measured foliation T± q . The Schwartzman 
[57] asymptotic cycle of the foliation J-± q is a particular Zorich cycle. It fol- 
lows from Theorem 0.2(h) that the dimension of the space of Zorich cycles is 
'generically' equal to the genus g > 2. 

We have proved that all cohomology classes in the E^, i.e. all the Poincare 
duals of Zorich cycles of J-± q , can be represented by (closed) currents with spe- 
cial properties. Let S 9 C M be the finite set of the zeroes of the quadratic dif- 
ferential q. A current of dimension (and degree) equal to 1 on the 2-dimensional 
manifold M\T, q is a continuous linear functional on the space of smooth 1-forms 
with compact support [11], [56, Chap. IX]. A basic current for the measured 
foliation J-± q is defined as a distributional generalization of the notion of ba- 
sic form, well known in the geometric theory of foliations since the work of 
B. L. Reinhart [53], [54] (see also [2, §1.5 & §7], [63, Chap. 4]). A current C of 
dimension (and degree) equal to 1 is basic for the measured foliation J r ± q \M\T, q 
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if, for all vector fields X tangent to J-± q with compact support in M \T, q , 
(0.8) i x C = C X C = . 

The operation of contraction ix and Lie derivative Cx are extended to 
currents in the standard distributional sense [56, Chap. IX, §3]. If a current C 
on M\T, q (which is 2-dimensional) is basic then it is closed, hence it represents, 
by the generalized de Rham theorem [11, Th. 12], [56, Chap. IX, §3, Th. I], 
a cohomology class in iJ 1 (M \ £ 9 ,K). Let X ± £ ££(M,£ 9 ) be vector fields 
respectively tangent to the leaves of T^. There is a one-to-one correspondence 
between the space of X^-invariant distributions on M \ S g and the space of 
basic currents for ^ 7 ±<j|m\s • in fact, if T>^ is any A^-invariant distribution, 
then its contraction ix±T>~^ is a current of dimension (and degree) equal to 
1 which is basic for T± q . The X ± -invariant measures are a particular case 
of X ± -invariant distributions and the related basic currents where implicitly 
considered by A. Katok [29]. 

The space of currents on M \ S g is filtered by a sequence of weighted 
Sobolev spaces 7i~ s (M), s > 0. A basic current for T± q , of finite order s > 0, 
is a current C G H~ S {M) of dimension (and degree) equal to 1 such that 
the identities (0.8) hold for all vector fields X tangent to T± q for which the 
operators i x ■ Hg S (M) -► H q s {M) and C x : n q s (M) -► K~ S_1 (M) are well 
defined. Basic currents of order correspond to absolutely continuous invariant 
measures. It can be proved (see Lemma 6.2) that the cohomology class of a 
basic current for J-± q , of order s > 0, belongs to the cohomology vector space 
F X (M, R) C H l (M \ S 9 ,R). The following result describes the invariant sub- 
bundles of the Kontsevich-Zorich cocycle in terms of basic currents: 

Theorem 0.3 (Theorem 8.3). For almost all quadratic differential q in 
every stratum of squares of holomorphic differentials, the invariant unsta- 
ble [stable] subspace at q of the Kontsevich-Zorich cocycle is the subspace 
[E~] C if 1 (M g ,R) given by the cohomology classes of the basic currents 
for T q [T- q \ which are of order 1 . 

Theorem 0.3 is in fact valid with respect to any SL(2, R) invariant prob- 
ability measure on the moduli space and it requires no information on the di- 
mension of the stable or unstable sub-bundle. The proof is based on a Cheeger- 
type estimate of the first non-trivial eigenvalue of the Dirichlet form of the flat 
metric induced by a quadratic differential, proved in Section 6.3, and on the 
logarithmic law for geodesies in the moduli space, proved in [44]. 

Theorem 0.2 and Theorem 0.3 imply that the dimension of the space 
of basic current of order 1 for a 'generic' measured foliation on a compact 
orientable surface M is equal to the genus g > 2 of M. It is interesting to 
compare such a result with the results we have proved in Section 7 on the 
space of all basic currents of finite order. 
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Theorem 0.4 (Theorems 7.1 & 7.7). Let denote the smooth closed 
1-form such that T := {r]jr = 0}. 

(i) There exists r > 1 such that, for almost all orientable measured foli- 
ations T £ ^,(M, £), i/ie space H^ S (M, R) o/ cohomology classes of T '-basic 
currents of any order s > r (called the H~ s basic cohomology of T) has codi- 
mension 1 in the cohomology i? 1 (M, R). In fact, 

(0.9) H l /(M, R) := {c G fl^M, R) | c A [r^] = 0} . 

(ii) Let X be any smooth vector field on M \ £ smc/i i/tai zx^:? 7 = 1- 
Let C be an T -basic current of order s > such that the cohomology class 
[C] =06 H 1 (M, R). Then there exists an T -basic current C of order s — 1 
smc/i that C = dixC. ( The restriction of the operator doix to T-basic currents 
does not depend on the choice of the vector field X). 

By Theorem 0.4(i), the regularity restriction on basic current in the state- 
ment of Theorem 0.3 is crucial. Theorem 0.4(h) implies that there are only 
a finite number of 'primitive' basic currents for any measured foliation. How- 
ever, since 2g — 1 > g, by Theorem 0.4(i), not all of them have a dynamical 
significance, according to Theorem 0.1 or Theorem 0.3. The question whether 
all basic currents (with non-vanishing cohomology class) have a dynamical in- 
terpretation is left unanswered (see Question 9.10). The proof of Theorem 0.4 
is based on the results of [18]. 

In order to prove Theorem 0.1, we introduce a cocycle G\ over the Te- 
ichmuller flow Gt, defined on the infinite dimensional bundle Z~ l (M) over the 
moduli space with fiber given by the space of all closed currents of order 1. 
The projection of the cocycle G\ under the map Z~ 1 (M) — > H l (M q , R), given 
by the generalized de Rham theorem, coincides with the Kontsevich-Zorich co- 
cycle. There is no general Oseledec's theorem for infinite dimensional (Hilbert) 
bundles and the available ones (see the survey [55]) do no seem to apply to 
the case at hand. However, we derive from Theorem 0.2 and Theorem 0.3 the 
following Oseledec-type splitting: 

Theorem 0.5 (Theorem 8.7). There is a G^-invariant splitting 
(0.10) Z- 1 (M) = B\(M) © Bi(M) © S~ 1 (M) . 

(i) B\.(M) is the bundle of J-± q -basic currents of order 1 over the moduli 
space of squares of holomorphic differentials. 

(ii) The restriction of the cocycle G^ to the bundle B\(M) © B}_(M) is mea- 
surably isomorphic to the Kontsevich-Zorich cocycle on the cohomology 
bundle. 

(iii) The Lyapunov spectrum of the cocycle G c t on B±(M) consists of the set of 
Lyapunov exponents ±{Ai, . . . , X g } given by (0.7'). 
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(iv) The fiber of the bundle £~ 1 (M) at q consists of all exact currents of 
order 1. The Lyapunov spectrum of the cocycle G c t on £~ l (M) is reduced 
to the single Lyapunov exponent 0. 

The strategy of the proof of Theorem 0.1 is then clarified by the remark 
that the return orbits of a flow <& T X , X G £^{M, S), closed by a (short) trans- 
verse segment, are closed currents of order 1, by the Sobolev embedding theo- 
rem [1, Th. 5.4]. Hence, their evolution under the action of the cocycle G\ can 
be studied by applying Theorem 0.5. Since G% is a cocycle over the Teichmiiller 
flow, which plays the role of a renormalization dynamics for the flows of the 
vector fields X £ ££(M, £), Theorem 0.1 can be derived from Theorem 0.5 
by standard techniques. The X-invariant distributions appearing in the state- 
ment of Theorem 0.1 are in one-to-one correspondence with the basic currents 
of order 1 for the orbit foliation Tx given by Theorem 0.2(h) and Theorem 0.3. 



1. The Kontsevich-Zorich cocycle 

Let T g be the Teichmiiller space of all marked closed Riemann surfaces 
of genus g > 2. It can be viewed as the quotient of the space of all com- 
plex structures on a compact orientable topological surface of genus g, with 
respect to the equivalence relation induced by the natural action of the group 
DifTo"(M) of orientation-preserving diffeomorphisms homotopic to the identity. 
For a general introduction to Teichmiiller theory and references to the relevant 
literature we refer to the survey article by L. Bers [6]. In particular, T g has 
a natural complex structure (Alhfors-Bers), isomorphic to that of a bounded 
domain of holomorphy of the Euclidean space C 3s, ~ 3 , and it can be equipped 
with a natural Finsler metric (the Teichmiiller metric). The quotient of the 
bundle of non-zero holomorphic quadratic differentials on marked closed Rie- 
mann surfaces of genus g, with respect to the natural action of Diffo"(M) by 
pull-back, is a complex manifold Q g , which can be identified with the cotangent 
bundle of T g (minus the zero section). We will be concerned with subvarieties 
of Q g given by holomorphic quadratic differentials with a prescribed pattern 
of zeroes. 

Let « = (&!,... , k a ) satisfy the following properties: each fcj is a positive 
even integer and ^ hi = 4g — 4. We define Q K to be the subset of Q g consisting 
of quadratic differentials q such that (1) q is the square of a holomorphic 
(abelian) differential; (2) the distinct zeroes of q have orders (fei, . . . , h c ). The 
set Q K is a complex analytic subvariety of Q g , which is called a stratum of Q g . 
Since ^ hi = 4g— 4, the number of strata in Q g is finite. The strata of Q g which 
correspond to non-orientable quadratic differentials will not be considered here. 
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They can be studied by passing to suitable branched double covers over M. If 
q 6 Q K , we denote by M q be the Riemann surface carrying q and by E g the 
finite set of distinct zeroes of q. 

Let T g := Diff + (M)/Diff^"(M) be the pure mapping class group of the 
compact orientable surface M of genus g > 2. It is defined as the group 
of isotopy equivalence classes of orientation-preserving diffeomorphisms of M. 
The mapping class group acts by pull-back on T g , Q g , Q K . Such actions are 
properly discontinuous and given by biholomorphic isometries (with respect 
to the Teichmiiller metric). The quotient spaces R g := T g /T g , M. g := Q g /T g 
are, respectively, the moduli spaces of complex structures and of quadratic 
differentials on surfaces of genus g. Since there are Riemann surfaces with 
non-trivial (but finite) automorphism group, R g , Q g are complex orbifolds 
(hence in particular complex analytic spaces) of dimension 3g — 3, i.e. for 
each point p £ R g \p £ -Mg] there is a neighbourhood U p , a finite subgroup 
G C GL(3£f-3,C) [GL(6#-6,C)] and a neighbourhood W p of the origin in C 3 ^ 3 
[C 6ff-6 ], such that U v = U p /G. For each symbol n, the quotient M K := Q K /T g 
is called a stratum of the moduli space M g . From their definition, it follows 
that strata are complex analytic subvarieties of M. g . Moreover, each stratum 
M K can be equipped with the structures listed below [66], [68], [38]: 

(1) a natural complex affine orbifold structure modeled on the vector space 
fl^M, S«;C), where Yj k is a finite subset of M with card(S K ) — cr K ; 

(2) an absolutely continuous measure fi K ; 

(3) a locally quadratic non-holomorphic function A : M. K — > M + ; 

(4) a non-holomorphic action of the group GL + (2,R). 

The structure (1) is given by the period map. There exists a locally defined con- 
tinuous square root on Q K , such that if q G Q K , q 1 ^ 2 is a holomorphic (abelian) 
differential with zeroes at S g . The cohomology class of q 1 ! 2 in i7 1 (M g , T, q ; C) is 
defined by integration of q 1 / 2 along relative cycles in (M q , S g ). The period map 
gives a natural complex affine structure on Q K , modeled on the vector space 
f/^M, E«;C), where E K is a finite set with card(S K ) — u . In fact, the cohomol- 
ogy H l (Mq, Yj q ; C) can be canonically identified with H 1 (M q , S g ; C), by paral- 
lel transport with respect to the so-called Gauss-Manin connection [23, §2], on 
a neighbourhood U q of q 6 Q K . The Gauss-Manin connection in this context is 
simply given by the property that parallel sections are the holomorphic sections 
of the holomorphic vector bundle over Q K with fiber H l (M q , S g ; C) which are 
locally constant. Hence the period map Ii q is defined on U q into H 1 (M q , T> q ; C) 
and is a (local) biholomorphism of U q onto an open subset of H l (M q , T> q ; C). 
This result can be proved by studying holomorphic deformations of quadratic 
differentials in terms analogous to the Kodaira-Spencer theory of deformations 
of complex structures [27, Chap. IV, §2]. The complex affine structure on Q K , 
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just described, induces, by quotient with respect to the action of the mapping 
class group T g , a complex affine orbifold structure on the stratum M K in the 
moduli space. 

The construction of the measure fi K in (2) is also based on the period 
map. In fact, the Lebesgue measure on iJ 1 (M g , T, q ; C), uniquely normalized 
by the condition that the volume of the 2g — 1 + a complex torus obtained 
as a quotient over the integer lattice C <8>z H 1 (M q ,T, q ;Z) is equal to 1, gives 
a smooth measure on Q K , which projects by push- forward to a measure [i K 
on M K . 

The total area function A : Q g —>■ R + is defined for any quadratic differ- 
ential q as the total area of the surface M q with respect to the area form uo q 
of the metric R q induced by q [58, 5.3]. The function A is invariant under the 
action of T g , hence it can be viewed as a function on M g . 

Finally, the group GL + (2,R) of 2 x 2 matrices with positive determi- 
nant acts on Q K through the linear transformations on the pairs of real-valued 
1-forms (3 f ?(g 1 / 2 ) , 9(g 1 / 2 )). In the affine coordinate system described by (1), 
it is the action of the group GL + (2,R) on the vector space 

(1.1) ^(M,, E ? ;C) e C % ^(M,, E ? ;R) e R 2 ® r ^(M,, S,; R) 

through the first factor in the tensor product. Such an action commutes with 
the action of the mapping class group T g and it induces therefore an action 
on M K . 

It follows immediately from the definitions that the subgroup SL(2, R) 
of 2 x 2 matrices with determinant equal to 1 preserves the measure ji K and 
the area function A. Consequently, on the hypersurface '■= A~ l {l) n Q K 
we can define an induced smooth measure ^ := n K /dA which is preserved 
by the action of the group SL(2,R). The action of the 1-parameter subgroup 
of diagonal matrices Gt '■= diag(e*,e~*) gives a measure-preserving flow on 
Q g , which preserves each stratum Q K and each hypersurface Since the 

action of GL + (2,R) commutes with the action of the mapping class group 
r g , Gt induces a measure preserving flow on the moduli space M g , which 
preserves each stratum M. K and each hypersurface M.^ := ^4 _1 (1) n M g , 
M$ := A~ l {l) n M. K - Such a flow is known as the Teichmiiller geodesic 
flow. As discovered by W.Veech [68] the strata are not always connected. A 
complete description of all connected components of all strata has been given 
conjecturally in [38] and has been recently proved in [39] for all the strata of 
squares. In this paper we will not rely on such a description. By a theorem of 
H. Masur [43] and W. Veech [66] the Teichmiiller flow is ergodic in the following 
sense: 
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Theorem 1.1 ([43], [66]). The total volume of the measure fi ( K ' on M K ' 
is finite and the Teichmiiller geodesic flow Gt = diag(e l , e~ l ) is ergodic on each 
connected component of Ai^ with respect to the invariant measure /j,^ ■ 

In [38] M. Kontsevich and A. Zorich introduced a natural cocycle over the 
Teichmiiller geodesic flow defined on a bundle over with fiber tf^M^R). 
Such a cocycle plays the role of a renormalization group dynamics for flows 
along measured foliations and for interval exchange transformations, as it will 
appear from the content of Section 9. Let Hg(M, C) be the holomorphic vector 

bundle with fiber H l (M q , C) over the space of holomorphic quadratic with 
unit total area. Since is simply connected, the vector bundle Hg(M, C) can 
be trivialized by parallel transport with respect to the Gauss-Manin connec- 
tion, i.e. Hjj(M,C) = Q g l) x H l {M,C) (Riemann surfaces in the Teichmiiller 

space are marked). The Teichmiiller geodesic flow Gt on Q*jp lifts trivially 
to the product bundle by the identity action on the second factor. Hence, it 
lifts to a flow on Hg (M, C) (in other terms, cohomology classes are moved 
by parallel transport along the Teichmiiller flow). Such a flow induces, by 
quotient with respect to the mapping class group T g , a flow on the complex 
affine (orbifold) vector bundle Hg(M, C) := Hg(M, C)/T g which preserves real 
and imaginary parts of the bundle. The restriction of the flow to the real 
sub-bundle W£(M,R) := Hjj(M,R)/T g , introduced in [38], will be called the 
Kontsevich- Zorich cocycle and denoted by Gf z . Such a cocycle leaves invari- 
ant each stratum TL\{M, R), defined as the restriction to of the (orbifold) 
vector bundle H g (M, R). 

Since i7 1 (M, R) has a natural symplectic structure, given by the wedge 
product on the de Rham cohomology, the structure group of the bundles 
H\(M,R) can be reduced to Sp(2g,R) C GL(2#,R). In this case Lyapunov 
exponents form a symmetric subset of the real line. Kontsevich and Zorich 
conjectured in [38], on the basis of numerical computations (see also [79]), that 
the Lyapunov spectrum is simple, that is: 

KONTSEVICH-ZORICH CONJECTURE. The 2g Lyapunov exponents of the 
Kontsevich- Zorich cocycle have the following properties: 

(1.2) 1 = Ai > A 2 > • • • > X g > > X g+ i = -X g > ■ ■ ■ > X 2g = -Ai = -1 . 

Remark 1.2. In [66] W. Veech proved that the Teichmiiller geodesic flow 
is non-uniformly hyperbolic on each stratum . Since the bundle U\{M, R) 
does not coincide with the whole tangent bundle of M^k \ Veech's theorem does 
not imply the Kontsevich-Zorich Conjecture. By (1.1) the Lyapunov exponents 
of the Teichmiiller geodesic flow can be written as follows, in terms of the 
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exponents (1.2) of the Kontsevich-Zorich cocycle [78, §5], [38, §7]: 
2 > 1 + A 2 > 1 + A 3 >•••>! + A 9 >! = ••• = ! 



(1.2') 



> 1 - X g > ■ ■ ■ > 1 - A 2 > > -1 + A 2 > • • • > -1 + X g 



> _i = . . . = _i > _i _ \ > _i _ \ > . . . > _i _ a 2 > -2 . 

v v ' M 



The non-uniform hyperbolicity of the Teichmuller flow is therefore equivalent 
to the statement that A 2 < Ai = 1. 

In this paper we prove that the Kontsevich-Zorich cocycle is non-uniformly 
hyperbolic, that is X g > 0. Our method also yields a new proof of Veech's 
theorem A 2 < 1 (Corollary 2.2). 



2. Variational formulas 

Let q £ M$ ■ Any cohomology class c G H l (M q ,M) can be represented 
by a harmonic differential. In fact c = [K(/i + )], where h + is a holomorphic 
differential on M q . The vector space H 1 (M q ,M.) can be endowed with the 
Hodge norm induced by the Hermitian structure on M q . The Kontsevich- 
Zorich cocycle along the Teichmuller orbit of q can be written in the Hodge 
representation in the form of an O.D.E. on a Hilbert space of square integrable 
functions. We recall the basic setting established in [18]. 

Let R q := |(/| 1//2 be the flat (smooth) metric induced by q on M, degenerate 
at Xq, and let u> q be the corresponding area form [58, §5.3]. At any point 
p G M q \ Sg, there exists a canonical holomorphic coordinate z := x + iy such 
that q = dz 2 [58, §5.1]. Consequently, 

(2.1) R q = (dx 2 + dy 2 ) 1/2 and u) q = dx A dy . 

At a zero p G S g of order k, q = z k dz 2 with respect to a canonical coordinate. 
Hence, 

(2.T) R q = \z\ k/2 (dx 2 + dy 2 ) 1/2 and u q = \z\ k dx A dy . 

Let J-± q be the horizontal and the vertical foliation of q respectively, defined 
by T q := {9(<7 1/2 ) = 0}, T-q := {3% 1/2 ) = 0}. Such foliations are naturally 
measured foliations in the sense of Thurston [62] with the transverse measures 
[^(q 1 ^ 2 )!) I^( ( i ,1 ^ 2 )l respectively. There exists a unique positively oriented frame 
{S, T} of the tangent bundle TM on M\ T, q , orthonormal with respect to R q , 
such that S, T are tangent to the horizontal, respectively the vertical, foliation 



16 



GIOVANNI FORNI 



of q. The vector fields S, T are smooth on M \ E 9 and blow up at S g . Let 

??T : = K(<7 1/2 ) = -«T^g , 

^ > o-/ l/2\ 

Then uj q = 7]t f\ i]s and, in addition, since 775 and ryy are closed 1-forms, the 
vector fields S, T preserve the area form uo q . 

Let L 2 (M) := L 2 (M,Lo q ) be the Hilbert space of square-integrable func- 
tions with respect to the area form. The Cauchy-Riemann operators := 
S ± iT are closed on the domain H Y {M) C L 2 (M) (the Sobolev space of 
weakly differentiate functions with L 2 derivatives on the compact manifold 
M) and have closed ranges R^ of finite codimension. In fact, the adjoints 
of the Cauchy-Riemann operators satisfy the identity (d^)* = —d^, hence, 
by Hilbert space theory, R^r are the orthogonal complements of the kernels 
Ai 1 ^ C L 2 (M), which consist of anti-meromorphic, respectively meromorphic, 
L 2 functions (with poles at S ? ) [18, Prop. 3.2]. There exist therefore two 
orthogonal decompositions: 

(2.3) L\{M) = R~e ± M+ = R+® L M q 

and two associated (orthogonal) projections 7r^ : L 2 (M) — > M^. The spaces 
M^, endowed with the real Euclidean structure induced by the Hilbert struc- 
ture on L 2 (M), are isomorphic to the cohomology H 1 (M q ,R), endowed with 
the Hodge inner product determined by the metric R q (by the area form uj q ). 
In fact, the R- linear maps c± : Mf -> H^M^R) defined by 

<(m+) := [5R(mV /2 )l , 

c-(m-):=[X{m-t /2 )] 
are isomorphisms of vector spaces. In addition 

(2.5) \\4( m± )f q ■= I 4( m± ) A *4( m± ) = \ m± \o . 

J M 

where || • \\ q is the Hodge norm on H 1 (M q ,'R) (the Hodge *-operator on M q 
is given by *t]t = rjs, *f]s = —Vt) and | • |o the norm on L 2 (M). These 
assertions follow from the remark that, if h^- is any holomorphic, respectively 
anti-holomorphic, differential on M q , then h + /q 1 ^ 2 , h~ /q 1 / 2 are respectively 
a meromorphic, an anti-meromorphic function with poles at S g which belong 
to L 2 (M). The fact that all real cohomology classes can be represented as 
the real part of a holomorphic (or anti-holomorphic) differential is a classical 
property of Riemann surfaces [13, III. 2]. A computation similar to (2.5) shows 
that the symplectic form on i7 1 (M g ,R), given by the wedge product, can be 
written in as follows: 

(2.5') 4(mf ) A c±(m±) = 3(mf,m±), , 

where (•, -) q is the inner product in L 2 (M). 
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By (2.3) any function u G L 2 (M) has a decomposition u = d q v + 7r ? (u) 
with v G il^M). The operator f/ ? : £g(M) -> L,(M) given by 



^ 2 ^ E^M : = 9, u - vr 9 (u) , 

if U = dqV + TT q (u) 

is a M-linear isometry. In fact, by [18, Prop. 3.2] and the orthogonality of the 
decomposition (2.3), we have 

(2.6') \U q {u)\l = \a~v\l + \n~(u)\ 2 = \d+v\ 2 + K~(n)|g = \u\ 2 . 

Let qt := Gt{q) denote the orbit of the quadratic differential q G 
under the Teichmiiller geodesic flow Gt- By the definition of the Teichmiiller 
flow, q t is given by the equations: 



(2.7) 



VT (t) :=M(q 1 t /2 ) = e t M( q 1 / 2 )=e t r lT , 
Vs (t) : =9(^ 2 ) = e -* 9(^/2) = e - t??5 



In all the arguments which follow it is crucial that the area form uj q of the 
metric R q and, consequently, the inner product of the Hilbert space L 2 (M), are 
invariant under the Teichmiiller geodesic flow. Let {St, T t } and df 1 := St±i T t 
be the orthonormal system and the Cauchy-Riemann operators determined by 
qt- We have: 

(2.7') df = S t ±iT t = e-*S ±ie l T . 

Let M.f := N{df) C L 2 (M) denote the subspaces of meromorphic, respec- 
tively anti-meromorphic, L 2 functions on the Riemann surface M t (endowed 
with the complex structure determined by qt). The Kontsevich-Zorich cocycle 
Gf z is described, along the orbit qt := Gt(q) of the Teichmiiller flow, by the 
following variational formula: 

Lemma 2.1. The ordinary differential equation 

(2.8) u' = U qt (u) 

is well-defined in L 2 (M) and satifies the following properties. 

(1) Solutions of the Cauchy problem for (2.8) exist for all times and are 
uniquely determined by the initial condition. 

(2) If Ut G L 2 (M) is any solution of (2.8) with initial condition uq G M. q , 
then u t G Mf, for all tel. 

(3) Let mf G M.f be the unique solution of (2.8) with initial condition = 
m + G Mq. For all t GR, we have 

(2.8') GP(c+(m+)) = c+(m+) . 
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Proof of (1). The O.D.E. (2.8) is well defined since the Hilbert space 
Lq(M) is invariant along orbits of the Teichmiiller flow. The function F(t, u) := 
U qt (u) is uniformly Lipschitz in the second coordinate, since U q is an isometry, 
and smooth on RxL?.(M). In fact, the Cauchy-Riemann operators df 1 , densely 
defined on the Hilbert space L^(M) with common domain H l (M), depend 
smoothly on t G R, as it can be seen by explicitly writing them in terms of the 
fixed orthonormal frame {S,T}. The standard local existence and uniqueness 
results for O.D.E. on Banach spaces therefore apply [40, Chap. IV]. Since for 
any solution \u' t \o = \ut\o, it follows that 



(2.9) |u t |o < Klo+ / 

JO 



t 

\u s \o ds , 



hence by Gronwall's lemma |i*t|o does not blow up in finite time. Local solu- 
tions can be therefore continued for all times. 

Proof of (2). A computation shows that the flow of (2.8) preserves mero- 
morphic functions. In fact, since by (2.7) and (2.7') 

(2.10) ^.^.l*-^, 

it follows that, if u t is a solution of the O.D.E. (2.8), we have: 

(2.11) |(,9+u t ) = -dr(u t ) + d+(u' t ) = , 

in the weak sense in L?{M). 

Proof of (3). Let 7if : L\(M) -> Mf C L 2 q {M) be the orthogonal projec- 
tions. If mf e Mf is a solution of (2.8), there exists a function vt G H l {M) 
(unique up to additive constants) such that: 

m t = d i v t + ^t( m i) , 

(2-12) d 



dt m t = d t v t - TT t (m t ) . 

If vt is chosen with zero average for all £ G R then the map t —>■ vt € H 1 (M) is 
smooth. By (2.12) 

(2.13) ^»(m+g t 1/2 ) = »((^m++^) gt 1/2 )=2»(d« t ) ^0 €fT 1 (M,R). 

Hence (2.8') follows by the definition of the Kontsevich-Zorich cocycle Gf z . In 
fact, over the Teichmiiller space, the cocycle acts as the identity on cohomology 
classes. □ 



DEVIATION OF ERGODIC AVERAGES 



19 



Let c G iJ 1 (M ? ,R) and c t := Gf z (c). Let c* = [3?(m t + ^ 1/2 )], m t + G A<. 
By Lemma 2.1, is a solution of (2.8) or, equivalently, of (2.12). 



Lemma 2.1'. The evolution of the Hodge norm under the Konsevich- 
Zorich cocycle is described by the following formulas: 

d_ 
~dV 

d 2 
dt 2> 



(2-14) 



\mf\l = -2MB q (m+) := -23? / (m+)% , 

JM 

\mj\l = 4{|7r t -(m+)|g - » / (d+^X^K} • 

JM 



Proof. By (2.5) and the invariance of the L 2 inner product under the 
Teichmiiller flow, \\ct\\ = \m^\o. A computation, based on (2.12), shows that 

im+|§ = 23f?K + ,-f. 
(2.15) '" i,! 



= -2K(m+ m+), = -23? / (m+) 2 u q , 

JM 

jt B ^ mt)=2 j M mt Jt mt ^ 

(2.15') = 2 f (d+v t + 7r t -(m+)) (a t -«t " T t "K + ))w, 

JM 

= -2|7r t -(m t +)|g + 2 / (dfvt)(dtvt)u q . □ 

Calculations of first and second variation formulas for various functionals 
on the Teichmiiller space are widespread in Teichmiiller theory (see for instance 
[64], [72], [60], [61]). In particular, M.Taniguchi [60] proved variational formu- 
las for the extremal length of the homology class of a given curve (equivalently, 
for the Hodge norm of the dual cohomology class), with respect to fairly general 
quasi-conformal deformations. In the special case of Teichmiiller deformations, 
not explicitly considered in [60], [61], Taniguchi's variational formulas agree, by 
Lemma 2.1 in the case of the second variation, with (2.14) (and (3.12) below). 
We thank the referee and M.Wolf for bringing the above mentioned references 
to our attention. 

Lemma 2.1' immediately implies Veech's result, recalled in Remark 1.2. In 
fact, we will obtain an upper bound for the second Lyapunov exponent of the 
Kontsevich-Zorich cocycle in terms of the function A + : Ai^ / SO(2, M) — > R, 
defined as follows: 

(2.16) A+(g) -maxJ ^^ m+ G M+ \ {0} , I m+ u q = o\ . 

I R + lo JM J 
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Corollary 2.2. Let \i be any Gt-ergodic probability measure on M.^ ■ 
The second Lyapunov exponent of the Kontsevich-Zorich cocycle with respect 
to the measure \i satisfies the following inequality: 

(2.17) A£< / A+d/x < AS* = 1 . 

Proof. The Kontsevich-Zorich cocycle has two 1-dimensional invariant 
continuous sub-bundles E±i C H\(M, R) with Lyapunov exponents ±1. At 
any q G 

E 1 (q):=R-m q 1 / 2 )} , 

iM«)==M»(? 1/2 )] . 

It follows in particular that, for all G t -ergodic probability measures ji, \± = 1, 
\% g = — A^ = —1. Let Eq C H\(M,M.) be the continuous invariant sub-bundle 

defined as follows. At any q G 

(2.18') E (q) := {c G i? 1 (M ? ,R) | c A [^(g 1 / 2 )] = c A [^(g 1 / 2 )] = 0} . 

A cohomology class c = \&(m + q l l 2 )} G £7o(<z) if an d only if J M m + uj q = 0. 
There is an invariant continuous splitting 7i\(M, R) = £1 © £Li © £?o- In 
addition, the bundle Eq is invariant under the action of the circle group 
50(2, R) on M { n ] - Let c G £ (g)- Let % := G t (g) and q := Gf z (c). Then 
Ct = [^(m^i) 1 / 2 ], where G has zero average. Hence, by Lemma 2.1', 

(2-19) ^log|m+| = ^ A + (9t) • 

By taking time averages, it follows that 

(2.19') ^log^%<l !\ + {q t )dt. 

By Oseledec's theorem [49], [32, Th. S.2.9], and Birkhoff's ergodic theorem 
(for the ergodic measure fx), by taking the limit in (2.19') as T — > +00, we 
obtain the first of the two inequalities in (2.17). In order to prove the remain- 
ing inequality we will show that A + (g) < 1 for all q G M$ ■ By Schwartz 
inequality, we have: 

(2.20) \B q (m + )\ = |(m+,^+),| < \m + \ 2 , 

where equality holds if and only if there exists A G C (|A| = 1) such that 
m+ = \m + . However, in that case m + would be meromorphic and anti- 
meromorphic, hence constant, and, having zero average, m + = 0. It follows 
that, if m + 7^ 0, the inequality in (2.20) is strict, hence, by compactness of the 
unit sphere in M+ C L 2 (M), A + (q) < 1. □ 
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3. A lower bound for the second Lyapunov exponent 

The Teichmiiller space Q^p is foliated by the orbits of the action of 
SL(2, R) C GL + (2, R) described in Section 1. The leaves are 3-dimensional and 
are isometric to the unit cotangent bundle S*(D) = SL(2,R) of the Poincare 
disk D := D(0, 1) (endowed with the hyperbolic metric |cfe|/(l — \z\ 2 ) of con- 
stant curvature —4). The circle group SO(2,R) is a subgroup of SL(2,R) 
and acts therefore on Qfg \ The quotient Qg 1 ' ) /SO(2, R) is then foliated by 2- 
dimensional leaves isometric to the Poincare disk. In fact, given any q G Q^ g \ 
there exists an isometric embedding j q : D — > Qg 1 ^ /SO (2, R) such that j q (0) = 
[q] G Qg 1 ' ) /SO(2, R). Let qg := e %e q be the rotation of the quadratic differential 
q by an angle 9 G [0, 2ir] and, if z = re td , let 

(3-1) q z :=G t (q e ) , t := ± log ^±1 . 

The embedding jq is given by 

(3.1') j q (z):=[q z ]GQ g 1) /SO(2,R) , z€D. 

Let 7T g : Q g ^ — > T g be the canonical projection onto the Teichmiiller space T g 
of (marked) Riemann surfaces, defined by ir g {q) = M q , the Riemann surface 
carrying the holomorphic quadratic differential q G Q g ^ . The composed map 
7r g°jq is an isometric embedding and its image is called a Teichmiiller disk [46, 
§2.6.5] . Since the action of GL + (2, R) commutes with the action of the mapping 
class group T g , the foliation of the space q5 1} /SO(2,R) by Teichmiiller disks 
projects to a foliation T g of Mg^ /$Q(2, R). Any leaf T of T g is a complex curve 
endowed with a hyperbolic metric of constant curvature —4. It is in fact the 
quotient of the Poincare disk by a discrete group of isometries. The generic leaf 
is isometric to the Poincare disk [38, §7]. The foliated unit cotangent bundle 
S*{T g ) gives a foliation of the moduli space M. g l \ which can be naturally 
identified with the orbit foliation of the action of SL(2,R). The Teichmiiller 
geodesic flow preserves the foliation S*(T g ) (since the latter is the orbit foliation 
of the full group SL(2,R)) and its restriction to each leaf S*(T) coincides with 
the geodesic flow of the Poincare metric on T. The foliations T g and S*{T g ) 
preserve each stratum M.^ /SO{2, R) and M$ respectively. 

In [38] M. Kontsevich and A. Zorich outlined the proof of a formula 
for the sum Ai + ... + \ g of the non- negative Lyapunov exponents of the 
Kontsevich-Zorich cocycle, based on the computation on a Teichmiiller disk 
of the (Poincare) Laplacian of the logarithm of the volume on a generic La- 
grangian subspace of the fiber H 1 (M, R). A new version of their formula will 
be proved in Section 5. Following [38], the basic tool in proving bounds for the 
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Lyapunov exponents of the Kontsevich-Zorich cocycle is given by the elemen- 
tary lemma below, which does not rely on Sullivan's results on the Brownian 
motion (on the Poincare disk) [59] exploited in [38]. We remark that a simi- 
lar idea of using sub-harmonic functions to prove lower bounds for Lyapunov 
exponents was introduced, in a different context, by M. Herman [26]. 

Lemma 3.1. Let Ah be the (hyperbolic) Laplacian on the Poincare disk 
D and let L : D — ► R be a smooth solution of the Poisson equation A^L = A, 
where A is a smooth bounded function on D. Then 

(3 - 2) hiJ'« L{t ^ M = t™ Ut) ]k\L, KbJp ' 

where (t,6) are geodesic polar coordinates on the Poincare disk, \D t \ denotes 
the Poincare area of the disk D t of geodesic radius t > 0, centered at the origin, 
and cop is the Poincare area form. 

Proof. In geodesies polar coordinates centered at the origin, the Poincare 
Laplacian can be written as follows [24, Intr. §4.2]: 

d 2 d 4 d 2 

(3.3) A h = — + 2coth(2i)- + 



dt 2 v 'dt sinh 2 (2i) 00 2 ' 

Let L r , A r be the circular averages of the functions L, A respectively: 

(3.4) L r (t):=—J L(t,9)d6 , A r (t) := — J A(t,9)d0. 
By averaging the equation A^L = A, we obtain the following O.D.E.: 

(3.4') dt2 Lr + 2 coth Wg- t L r = A ^ • 

The equation (3.4') can be explicitly solved by setting M r := dL r /dt. Since 
M r (0) = the solution has the following expression: 

i r* 

(3.5) M r (t) = . —- / A r (s) S mh(2s)ds . 

smh{ It) J 

We recall the following elementary formulas from hyperbolic geometry: 

(3.6) up = ±amh(2t)dtdB , \D t \ = ir cosh ^ ~ 1 . 
Hence, by (3.5) and (3.6), 

, nm . d T cosh(2t) -11 f . 1 , . , 1 f . 

(3.7 Tr L r = ' , T7T7 / Auj P = - tanh(t) — — / Aujp . □ 

v ' 8t 2sinh(2t) \D t \J Dt ' 2 KJ \D t \J Dt 

Let q G Q^k \ M z be the Riemann surface carrying the quadratic differ- 
ential q z , given by (3.1), and let Mf be the spaces of meromorphic, respec- 
tively anti-meromorphic, functions on M z which belong to L 2 (M). We remark 
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that the I? structure induced by q z is independent of z G D, since the area 
form of a quadratic differential is invariant under the action of SL(2,R). Let 
irf : Lg(M) — > M.f denote the orthogonal projections. Let c G if 1 (M g ,R). 
There exists a uniquely determined meromorphic function mf G such 

G L 2 (M) is holomorphic on .D, 



that c 



ml! 



^y 2 )]. The function z 



but it depends on the choice of the base point q G The norm |m^|o is 

invariant under the action of the circle group on hence it gives a well 

defined real analytic function on the Teichmiiller disk j q (D) C Q g /SO(2,R), 
independent of the choice of the base point. 



(3.i 



Lemma 3.2. The following formula holds: 

kjW)lo 



Ah log | ml 



4^ 



2 

z 10 



2 \B q {mt)\ 2 > 2 K(™t)\ 2 



\m 



4 

2 10 



2 

z io 



Proof. If [g'] G jq(D), then j q >(D) = j q {D). Hence it suffices to prove 
the formula at the origin z = 0. Let c = [K(mV /2 )] G i? 1 (M, R), where 



m 



G Let g^ := e g and q^ t 



Gt(qe). Let X# be the normalized 



directional derivative at z = defined, for any smooth function (f) : D — ► R, by 



(3.9) 

By Lemma 2.1' we have: 

X e \mt\l = -23? 



X ^ : = ^(re*«) | r=0 



(3.10) 



-i<9 



-23? 



(m -1 



Wo 



Y 2 \m + \ 2 
A 6H m z lo 



4 |7r-(m+)| 2 -K 



-2i0 



/ (d+v)(d- q 

J M 



V)U„ 



In fact, let M e C Lt\M) be the kernels of the Cauchy-Riemann operators 
determined by the quadratic differential qg. Let ir^ : L 2 q (M) — > .M^ 
be the orthogonal projections. Any cohomology class c G H 1 (M, R) can be 
represented as c = [^(ra^g^ 2 )], where mj" G M.q . We have: 



7T 



± 



(3.11) 

mj = e 2 ?rr , 
hence, in particular, = M.^ and, if m + = d+v + 7r~(m + ), 

m + = djv e + Tr e ~(m£) , 



(3.11') 



The formulas (3.10) follow therefore from the formulas (2.14), taken at t = 0, 
for the quadratic differential qg. 
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The hyperbolic gradient and the hyperbolic Laplacian can be written in 
terms of the directional derivatives Xq. Hence, by (3.10), at z = 0, 

V h \mf\ 2 = (X \m+\lX*\mt\l) = -2(KB q (m + ),<ZB q (m + )) , 

(3.12) l r2n 

A ft |m+|§ = - / X$\mt\ 2 de = 8\ir-(m + )\ 2 . 
71 Jo 

Since, given any positive smooth function <j) on D, 

(3.13) A ^ lo ^=2l^ 0- 

the identity in (3.8) at z = follows from (3.12) by taking 4>(z) := \mf\o in 

(3.13) . In addition, \B q (mf)\ < |7r~(m+)|o|m+|o, since 

(3.14) \B q (mt)\ = \(mt,mt) q \ = |(7rJ(m+), mt ) q \ < |7r~(m+)| |m+| . 
The inequality in (3.8) follows from (3.14) and the proof is therefore complete. □ 

The second Lyapunov exponent of the Kontsevich-Zorich cocycle, with 
respect to any SL(2, M)-invariant ergodic measure, can be bounded from below 
in terms of the non-negative function A~ : /SO(2, R) — ► R, defined as 
follows: 

(3.15) A-(q) := min j ^ ^ )l0 |m + GM+\{0}| . 

{ \ m+ \o J 

Theorem 3.3. Let n be any Gt-ergodic probability measure on Ai^ such 
that for /jl- almost all orbits of the circle group the Haar (Lebesgue) measure is 
absolutely continuous with respect to the conditional measure induced by fi. The 
second Lyapunov exponent A2 of the Kontsevich-Zorich cocycle, with respect to 
the measure fj,, satisfies the following lower bound: 



(3-16) A£ > f 



A dfi . 



Proof. Since the Lebesgue measures on the orbits of the circle action are 
absolutely continuous with respect to the conditional measures induced by fi, 
by Fubini's theorem, Birkhoff's ergodic theorem and Oseledec's theorem, for 
/i-almost all q € A4^\ Qe is a Birkhoff generic point and a regular point (in the 
sense of Oseledec's theorem) for almost all 9 6 [0, 2ir]. The Lyapunov exponent 
is the top Lyapunov exponent of the restriction of the Kontsevich-Zorich 
cocycle to the invariant sub-bundle Eq, introduced in the proof of Corollary 
2.2. We recall that Eq is invariant under the action of the circle group SO(2, R) 
and a cohomology class c = \?fc(m + q l l 2 )\ G Eo(q) if and only if J M m + uJ q = 0. 
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Let c G Eo(q). Let g 2 be given by (3.1) and mf £ be a (zero average) 
meromorphic function in L 2 q (M) such that c = \&{m+ q l J 2 )]. Let G* z (c) be the 
cohomology class c at the point q z G (the parallel transport of cohomology 
classes is trivial over the Teichmiiller space Q^) and let L : D — > R be the 
smooth function L(z) := log ||G^(c)|| = log |m+|o- Let z = (t,9) with respect 
to geodesic polar coordinates, that is z = re lS , r = tanh(i). By Lemmas 3.1, 
3.2 and definition (3.15), we have: 

(3-17) ^^^ lo gl G ffI)( c )ll^> tanh W^^ A-(G a (qe))up(s,e) . 

Let a q be the normalized canonical (Haar) measure on the unit sphere E^ (q) 
of the Euclidean space Eo(q) C // 1 (M g ,R), endowed with the Hodge inner 
product induced by the metric R q . The measure a q is invariant under the 
action of the circle group SO(2, R) on the space Q g . By averaging the inequality 
in (3.17) over c € E^\q) with respect to a q , then over the moduli space M.^ 
with respect to the Gj-invariant measure /j,, we obtain: 

— ^-f f f log \\GfA(c)\\ d9da q dfi 
(3 _ ir) ^dtJ M wJ E w {q) J W 

> tanh(t) / A - dfi . 
Finally, by taking the time average of (3.17') over the interval [0,T], we have 

r r pill 

2vrT 



IPf I m f m I ^og\\Gf T z e) {c)\\deda q d^ 
(3J8) -kT J M m J E m {q) J ^ > 



^ log cosh T 

> / A d/j, . 



Hence, by passing to the limit as T — > +oo in (3.18), we obtain (3.16). In fact, 
since c G Eq, by Oseledec's theorem, 



(3.18') lim -J— [ [ [ log \\Gf T z 0) (c)\\deda q dfi < A£ . □ 



Proving that A2 > requires a deeper analysis, carried out in the next 
section, of the projection operator n q : — > M q , which enters crucially in 
the lower bound given by Theorem 3.3, as the quadratic differential varies over 
the moduli space. 
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4. The determinant locus 



Let M be a marked Riemann surface of genus g > 2 and let {a\, . . . ,a g , 
, b g } be a canonical homology basis [13, III. 1] giving the marking. Let 

. . . ,6 g } be the dual basis of holomorphic differentials on M, that is the 
basis characterized by the property that Oj(ak) = 5jk- The gxg complex matrix 
ITj := 9i(bj) is called the period matrix of the marked Riemann surface M. 
The period matrix defines a holomorphic map IT : T g — > T, g on the Teichmiiller 
space T ff with values in the Siegel space T, g of symmetric complex matrices 
with positive definite imaginary part. Let q £ Q g be a holomorphic quadratic 
differential on M. Let \i q := \q\/q be the canonical Beltrami differential on M 
associated to q, which represents the deformation of the complex structure of 
the Riemann surface M q in the direction determined by the Teichmiiller flow 
at (M q ,q). The equation 

(4.1) de,(|L, = 

defines a real analytic hypersurface D g , of real codimension equal to 2, of 
the Teichmiiller space Q g . In addition, D g , is invariant under the action of 
the mapping class group T g . The quotient T> g := D g /T g is therefore a real 
analytic hypersurface of codimension 2 of the moduli space Ai g , which will be 
called the determinant locus. We remark that, since (4.1) is invariant under the 
multiplicative (holomorphic) action of the group C* := C\{0} on the space Q g , 
the quotients D g /C*, V g /C* are real analytic hypersurfaces of Q^/SO(2,R), 
M g 1] /SO(2,R) respectively. Let D K := D g n Q K , := D g n Q { * \ V K := 
D K /T g and := D^/T g . 

The answer to the question whether the lower bound established in Theo- 
rem 3.3 is strictly positive depends on the geometry of the determinant locus. 
In fact, the answer will be affirmative if the support of the probability measure 
fj,, ergodic with respect to the Teichmiiller flow on Ai^\ is not contained in 
T>^\ Let q G and 7r~ : L 2 q {M) — ► Ai~ be the orthogonal projection onto 

the subspace of anti-meromorphic functions. Let 

(4.2) l = Ai(g)>A 2 (g)>--->A fl (g)>0 

be the eigenvalues of the non-negative hermitian form H q : Ai q x Ai^ — > R 
defined by 

(4.2') H q (m+,mt) := (vr-(m+), ^{m+)) q . 

The functions Ai,... , A g are continuous on Ai^ and invariant under the 
action of SO(2,R). 

Lemma 4.1. The zero set {A g = 0} = T>£\ 
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Proof. Let {mf , . . . ,m+} be an orthonormal basis of M q ■ The 
(symmetric) matrix B of the projection operator ir~ , with respect to the basis 
{mf, . . . C and {m+i, . . . ,m+ g } C M~ , and the matrix H of the 

hermitian form H q , with respect to the basis {m±, . . . , m+}, are given by the 
following formulas: 

(4.3) B ij = B q (mt,mp = (mt,^+ j ) q , H = B*B = BB. 

Let {ai, ... , a g , b±, . . . , b g } be a canonical homology basis and {9\, . . . , 6 g } be 
the dual basis of holomorphic differentials. The quotients <pf := Oi/q 1 / 2 are 
meromorphic functions on M with poles at S g , which belong to the space 
L 2 (M). The system {0^,... , is a basis of the space M. q . By Rauch's 
formula [28, Prop. A.3]: 

(4-4) d jr l = I to = I ^ = B q (<Pt, <Pj) ■ 

dUq J M J M 

Since {(f>f , ■ ■ ■ , (f)^} is a basis of A4 q , there exists a non-singular gx g complex 
matrix C = (cjj) such that 

9 

(4.5) # = 2>i m / ' CC* = 9(n). 

j'=i 

In fact, by [13, III.2.3], 

(4.5') = | / ^A^=^^WW-WW = 9(n ij )- 

• /M fe=i 

By (4.4) and (4.5), 

|det(— )| = |det(CSC*)| = I detCI 2 I detSl 

(4.6) V <W 

= det(9f(n)) (det F) 1/2 = det(9f(n)) (Ai ■ • • A 9 ) 1/2 . 
Since 9(LI) is positive definite, A g (q) = if and only if g € X*^. □ 

The basic idea in order to prove that the lowest eigenvalue A g in (4.2) does 
not vanish identically is to study the determinant locus near the boundary 
of the moduli space. We briefly recall the methods introduced by Fay [15, 
III] and Masur [42] to analyze the behaviour of holomorphic and quadratic 
differentials near the boundary of the moduli space. We warn the reader that, 
in the author's opinion, all of the variational formulas contained in [15, III] 
are to some extent incorrect, as pointed out by A.Yamada in [71], where the 
correct formulas are proved in great detail (compare, for instance, the formulas 
(47), (53) in [15] with, respectively, (36), (36)' and (56) in [71]. However, our 
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argument does not require precise variational formulas (only the dominant term 
in the appropriate expansions), hence it does not depend on which version, 
Fay's or Yamada's, is considered to be the correct one. 

The moduli space R g = T g /T g can be compactified by adding Riemann 
surfaces with nodes as a boundary. This compactification is explained in detail 
in [5] or [42]. A Riemann surface with nodes Mo can be obtained by pinching 
a compact Riemann surface M along disjoint curves 71, . . . ,J S with 1 < s < 
3g—3. A connected component of the complement of the set of nodes is called a 
part of Mo; it is a finite non-singular Riemann surface with punctures. It is pos- 
sible to assume that no part of Mo is a sphere with just one or two punctures. 
The pinching of each 7, produces two paired punctures on Mo, denoted by pf\ 
pf^ . Let zf^ and zf^ be holomorphic coordinates parametrizing disjoint punc- 
tured disks = {0 < \zf ] \ < 1} and uj® = {0 < \zf ] \ < 1} in a neighbour- 
hood of pf^ and pf^ respectively. There are local coordinates (t s +i, . . . , Ts g s) 
in a neighbourhood of G C 39 ~ 3 ~ s , parametrizing a neighbourhood of Mo in 
its moduli space, such that, for each M T near Mo, the functions zf~\ zf^ are 
still holomorphic coordinates in a neighbourhood of the punctures. For each 
(ii, . . . ,t s ) £ C s in a neighbourhood of zero, consider the Riemann surface 
Mu T \ obtained by deleting all the neighbourhoods {0 < \z^\ < \ti\} and 

{0 < \z^\ < \ti\} from M T and gluing zf^ to ti/zf^ . If all ti 7^ 0, the surface 
M( t jT ) is a compact Riemann surface of genus g. The parameters (t, r) parame- 
trize all Riemann surfaces in the compactified moduli space in a neighbourhood 
of M . Let A ti := {\U\ < \z^\ < 1} = {|^| < \zf \ < 1} C M (t>T) and let lu 

be the curve defined by \zf^\ = \z^\ = Itjl 1 / 2 . If K is a compact subset of the 
complement of the set of the nodes in Mo, then for sufficiently small (t, r) it 
is possible to regard K as a compact subset of Mu T \ via the quasi-conformal 
map 4> T : Mo — > M T and the natural inclusion of Mu T \ \ U{7t i } in M T . 

There is a complex manifold X of dimension 3g — 2 and a proper holomor- 
phic map 7r : X — > C s x C 3s,_3_s such that the fiber over (t, r) is Mu T \ . Such 
a construction is explained by [15, III] or [42], we recall it here for the conve- 
nience of the reader. Let W := UM T and Y := W\U(p T (U^ UU^), where the 
union is taken over i = 1, . . . , s, r G U and U C C 39_3_s is a neighbourhood 
of the origin. Let 

(4.7) W:=YxD s U [J{{p,t) G (p T (U^) x D s \ \zf\p)\ > \U\} , 

where D C C denotes the open unit disk. Let then Vi C C 3 be the non-singular 
surface given by the equation XiYi = ti and let 



(4.7') X := W U (Vi x D 3 ' 1 x U) U • • • U (V s x 15 s - 1 x 17) , 
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where in the overlap (p, t) is identified with 

{Z { l\p),ti/Z { p(p),ti,ti,. . . ,t s ) 
' ' (2) (2) 

or (ti/z\ '{p),z\ ) (p),t i ,t 1 ,... ,t s ) , 

according to whether (p,t) G Wri^C/f^) x D s or (p,t) G (j) T (U- 2 ^) x £> s . 
It can be proved that X is a complex manifold. Local coordinates at a point 
(<f> T (p),t) 6 are given by ((f) T (z), t, r), where z is a holomorphic coordinate 
for Mo in a neighbourhood of p. The natural projection n : X — ► D s x J7 has 
fiber M( tiT ). It is a standard procedure to introduce the coordinates 

_(i) ■ _(2) Ji) _ J2) 

(4.9) x,:= Z * + , y ,:=L^ 

on V^. Then m = (xf — U) 1 / 2 represents At % PI V{ as a branched double covering 

1/2 

of a neighbourhood of Xj = with branch points at = ±i-' . At t% = 
the fiber crosses itself at the node corresponding to the pinching of the curve 
7i, given by the equations Xj = yi = tj = 0, and the normalization of Aq is 
C/f } U ^ 2) . The called the pinching coordinates for the corresponding 

nodes. Holomorphic (abelian) differentials on Mu jT \ are customarily written 
in terms of these coordinates. A regular d- differential on a finite Riemann 
surface M with punctures is by definition a meromorphic form of type (d, 0) 
on each part of M, holomorphic in the complement of the punctures, with poles 
of order at most d at the punctures and equal (opposite) residues at paired 
punctures if d is even (odd). The residue of a regular d-differential q at a point 
p G M, denoted by Res g (p), is the residue at z = (in the standard sense) of 
the abelian differential z d ~ l q(z)dz, where z is a holomorphic coordinate such 
that z(p) = and q = q(z)dz 2 [42, §4]. Only the cases d = 1 and d = 2 
of abelian and quadratic differentials are relevant in this paper. Any regular 
1-differential u(t,r) on Mu T \, holomorphic on and as a function on the 
total space X, can be written in terms of the pinching coordinate Xj as follows 
[15, III], [42, 4.1]: 

(4.10) u(t, t) = [a(t, t, Xi ) + b(t, t, Xi)/(x 2 - U) 1 ' 2 ] dxi , 

where a, b are holomorphic functions. A direct computations shows that, under 
the change of variables given by (4.9), we have, with respect to the coordinate 
z^ on A u ,k = 1,2: 

(4.10') u(t,r) = \fW(t,r,zV+zP) + ^^]&« , 



where f^ k \ g^ are holomorphic functions. 
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There is a normalized basis {6i(t, r), . . . , 6 g (t, r)} of regular 1-differentials 
on M( tjT ), holomorphic on X [15, III], [42, Prop. 4.1], [71, Corollaries 1,4,5], 
with respect to a canonical homology basis 

{ai(i,r),... ,a g (t,T),bi(t,T),... ,bg(t,r)}. 

Let II( tjT ) be the corresponding period matrix, which is well-defined (finite) if 
all ti 0. Variational formulas for the period matrix as ij — ► were obtained 
in [15, III] and (corrected) in [71]. Let q(t,r) £ Q 9 be a holomorphic quadratic 
differential on Mu jT \, holomorphic as a function on X, which converges in the 
projective bundle Q g /M.* as tj — ► 0, i £ J C {1, . . . , s}, to a regular quadratic 
differential having poles of order two at all the punctures and different from 
zero on every part of the corresponding pinched Riemann surface. Let M(t jT ) := 
\q(t, r)\/q(t, r) be the related family of Beltrami differentials. We prove a result 
concerning the limit behaviour of the derivative of the period matrix LT^ >T ) in 
the direction of the Beltrami differential fJ>(t,r) a t the boundary of the moduli 
space. Let M T (t) be the image of the natural inclusion of Mu T \\U{ r yt i } in M T . 
The surface M T (t) is an open subset of M T which can be described as follows: 



(4.11) M T (t) = M T \(j({\z^\ < |t,| 1/2 }U{|4 2) | < N 1/2 }) 



^ | + .|1/2 X| |/U (2)| 
i=l 

Lemma 4.2. As ^ — »■ 0, /or all i e J c {1, . . . , s}, 

dm 



(4.12) T^ 1 - / ^(t',r)^(t',r)/i (t ,, T) -0, 

w/iere t' { = if i £ J , t^ = U ^ if i ^ J . 

Proof. By Rauch's formula (4.4), the derivative of the period matrix can 
be written as an integral over M T (t) , identified to the complement of the finite 
set of curves 7^ in Mu T \ . In addition, since the integrand is uniformly bounded 
and converges on compact sets contained in the complement of the punctures 
by the variational formulas of [15, III] or [71], it suffices to prove convergence 
on each annulus 

(4-13) R^:={]t^<\z^\<l}cA u , 

for alii G J, k = 1,2. 

Let R t := {[t] 1 / 2 < \z\ < 1} one of the annuli in (4.13). We should 
estimate, as t — > in C, an expression of the form 

(4.14) I ( 9i(t, z)6j(t, z)^4 " W z)6 j (fi, z)^^ ) dz A dz , 
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where 0i(t, z) are meromorphic functions with at most a simple pole at z = 
given by (4.10'), that is 

9i {t,z + t/z) _ Fi(t,z + t/z) 



(4.15) 



0i(t,z) = fi(t,z + t/z) + 



z z 

with fi, gi, hence Fi, holomorphic functions, and qt(z) is a meromorphic func- 
tion with a double pole at z = 0, which can be written as [42, 5.2-5.3]: 

aj^z + t/z) b{t,z + t/z) _ A(t,z + t/z) 
v 4 - iD > ity z ) — z + z 2 ~ z 2 ' 

with a, 6, hence A, holomorphic functions and ^4(0, 0) / 0. We split the 
difference in (4.14) into the following three terms: 



(i) / (o i (t,z)-e i (o,z))e j (t,z) 



Rt 



«(*)! 



dz A dz , 



(4.16) (II) / (e j (t,z)-e j (0,z))9 l (0,z)^^dzAdz , 

JRt 1t(z) 



(III) / 9 i (0,z)9 j (0,z){ 
JRt 



\qt(z)\ \q (z)\ 



) dz Ad 



z . 



lR t Qt(z) q {z) 

By (4.15), it follows that, since t/z — > if z G Rt as t — > 0, there is a constant 
Co > such that 



(4.17) 



4 (t,^)-^(0,z)| <Cool . < Cbi 1 



By Holder inequality and (4.17), we obtain: 

|(I)| < \\9 z (t,z)-e t (0,z)\\ LHRt) \0i(t,z)\v (Rt) < dC-l^logltl) 1 ^ ; 



(4.18) 



|(ii)| < \\e J (t,z)-e j (o,z)\\ LHRt) \9i(o, z)| iW < Ci(-|t| log |t|)V2 



In order to estimate the third term in (4.16), we proceed as follows. By 
(4.15'), since A(0,0) ^ 0, there exists r > such that A(t, z) ^ 0, hence 
\A(t, z)\/A(t, z) is a real analytic function, in the polydisk {\t\ < r, 
\z\ < r} C C 2 . There exists therefore a constant C2 > such that, in the 
annulus {(i) 1 / 2 < \z\ < r/2}, we have: 



(4.19) 



\Qt(z)\ \qo(z) 



\A(t,z + t/z)\ \A(0,z) 



Qt{z) q (z) 
It follows that 

|(III)| < - C 3 |*| 1/2 log \t\ 

(4.19') 



A(t,z + t/z) A(0,z) 



<C 2 M< C2 | t |i/2 
\z\ 



+ 



L 



(? i (0 > z)^-(0 > z)(i*M-J*M)dzAd; 

z\>r/2 Qt{Z) qo{Z) 



where the integral on the right-hand side converges to zero as t — ► by the dom- 
inated convergence theorem. By (4.18) and (4.19') the proof is concluded. □ 
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By Lemma 4.2 and the variational formulas for the period matrix proved 
in [15, III], [71], it is possible to estimate the determinant of the derivative of 
the period matrix and, by the identity (4.6), the determinant of the hermitian 
form H q close to the boundary of the moduli space, by computing them at the 
boundary. Let in particular S g be the component of the boundary consisting of 
regular quadratic differentials on the Riemann sphere with 2g paired punctures, 
having poles of order 2 at all punctures. 

Lemma 4.2'. Let qo 6 S g . Let Mq be the corresponding Riemann sphere 
with the 2g paired punctures pl\ p?\ i = 1, . . . , g. Let t G C 9 be such that 
U 7^ for all i = 1, . . . ,g and Mo(t) C Mq be the open subset defined as in 
(4.11). Let {#i(0), . . . , # 3 (0)} be the basis of the space of regular 1- differentials 
on Mo, dual to the canonical homology basis {a±, . . . , a g , b\, . . . b g }, where ai is 
represented by the (oriented) boundary of a disk centered atp^ (not containing 
other punctures) and bi by a path joining pp to p?\ Then 

(4.20) / ^(0)^(0)^1 - J- \ ReS ^\ 8 i3 log \U\ 
J M (t) Qo 2vr Res qo (pf } ) 

is bounded as t — ► 0, for all i, j G {1, . . . , g}. 

Proof. The normalized basis {6i(0), . . . , 6 g (0)} on the punctured Riemann 
sphere Mq can be explicitly written: 

(4.21) e t (o) = p * l) ~ p( ? ] dz 



2™ ( Z - P f))( z - P f)) 

In fact, (4.21) gives the only basis of regular 1-differential {9\, . . . , g } satisfy- 
ing 6i(aj) = 5ij. Let R\ k \t) := {\ti\ 1/2 < \z~p\ k) \ < r}, where r > has been 
chosen so that all the annuli R^ k \t) are disjoint and qo has no zeroes inside 
the closed disks D r (p\ k ^) of radius r centered at the punctures. Let 

(4.22) flD = ^ S W ^ 

(z-pi 'Y 

on the disk D r (p {k) ). Since qo is a regular quadratic differential with poles of 
order 2 at all punctures, it follows that 

(4.22') A® (p< 1} ) = Res qo (pf ] ) = A® (p< 2) ) = Res qo (pf ] ) * . 

We have 

(4.23) [ 6M 2 —= I dzAdz, 
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where the function is given on the disk D r (p^) by the formula: 

( , 230 ^, h= W-W i^'wi , 

Snh(z- P \ h) ) 2 Af\z) 

where k, h £ {1,2} and k ^ h. Hence is real analytic on the disk D r (p\ k ^) 
and, by Taylor series expansion at p\ k \ we obtain that 



(4 ' 24> Ln^^-^L 



is bounded as t — > 0. Similarly, if i / j, we obtain 



(4.25) / ^(0)0,(0)^ = / , ij , rfz Adz , 

jR^tt) 3 qo JR (k) (i) ( (k)\ 



z-pi 

where the function is given on the disk D r (pf^) by the formula: 

(A F W (A — [Pi Pi )[Pj Pj ' 1 * ^ 

87rn(z — ^ — 2?} ){z — p) ) A\ '(z) 

where, as above, k, h G {1,2} and k ^ h. Since is real analytic, hence 
bounded, on the disk D r (p^), the integral in (4.25) is bounded as t — > 0. 
Let i^(t) := flf^t) U #S 2) (t) U ^(t) U i?f \t). The integral 

(4.26) / emom— 

is bounded as t — ► 0, for all i, j £ {1, . . . ,g}, since the integrand is uniformly 
bounded on M (t) \ Rij(t). Our statement follows, by (4.23), by the bounded- 
ness of the difference in (4.24) and of the integrals in (4.25), (4.26), by explicit 
computation of the term on the right of (4.24) and by the formulas (4.22') on 
the residues of go- □ 

Definition 4.3. A measured foliation J 7 on a compact orientable surface 
M of genus g > 2 is said to be periodic if all its regular leaves are closed 
(compact) curves. A periodic measured foliation T will be called Lagrangian 
if the subspace C{J-) C Hi(M, R), generated by the homology classes of the 
regular leaves of J 7 , is a Lagrangian subspace of the homology vector space 
Hi(M,M), endowed with the symplectic structure given by the intersection 
form. A periodic measured foliation T is Lagrangian if and only if it has 
g > 2 distinct regular leaves 71, . . . , 7 fl such that M := M \ U{7i, . . . , 7^} is 
homeomorphic to a sphere minus 2g (paired) disjoint disks. 
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Let be the set of holomorphic quadratic differentials q G Q K such 
that the foliation T± q is Lagrangian. Let A(M,R) be the Grassmannian of 
Lagrangian subspaces of the symplectic vector space Hi(M,M). Let A G 
A(M, M) and let 

(4.27) C% K := {qe£t\ ^T± q ) n A = {0} } . 

The final key step consists of the following crucial result: 

Lemma 4.4. The set A C [C~ A C C~] of holomorphic quadratic 
differentials q G Q K smc/i i/tai the horizontal foliation T q [the vertical foliation 
T- q \ is Lagrangian and C(!F q ) flA = {0} [C^-q) n A = {0}] is dense in Q K . 

Proof. Let k := (k±, . . . ,k a ), where all k{ are even and Yl &i = 4g — 4. 
Let J- K (M) be the set of all isotopy equivalence classes of orientable mea- 
sured foliations T on M with canonical saddle-like singularities of multiplici- 
ties (fci,... , at a finite set £?r := {p 1 , . . . ,p a }. Let T' K {M) C T K (M) be 
the subset given by the measured foliations T such that there exists q G 
with J- q = T (or .F-q = J 7 ). The set J-' K {M) is open in T K {M) and the map 
Q K — ► T' K (M) x F' K (M), given by g — > (T q ,T- q ), is open. By A.Katok's /oca/ 
classification theorem, announced in [29, Th. 3] and proved in [32, Th. 14.7.4] 
or [47, Th. 7.11.7], the space F K {M) is locally modeled on ff^M, S K ; R), while 
the space Q K is locally modeled on H 1 (M, S K ;C) (see §1). Let A G A(M, R). 
We claim that the set of Lagrangian foliations T G !F K (M) such that ^(J 7 ) HA 
= {0} is dense in T K [M). The proof of the claim will conclude the argument. 

Let T := {r/jr = 0} G T K {M) and let Sjc c M denote its (finite) singular- 
ity set. If the cohomology class \t\t\ £ R ■ H^(M, Sjr; Z), hence, in particular, 
if [ryjr] G H 1 (M, Sjf; Q), then J 7 is periodic. In fact, in that case, the set 
of ^"-length of isotopy classes of simple closed curves is discrete. Hence, all 
the regular leaves are closed by the Poincare recurrence theorem. It follows 
that the periodic measured foliations are dense in ^ K (M). If T is periodic, 
the surface can be decomposed, by cutting along the singular leaves, into a 
finite union of cylindrical components whose number is at most 3g — 3. Let 
d:=dim£(^") G {1,... , g}, where C{F) C Hi(M, Z) is given by Definition 4.3. 
If d = g, then T is a Lagrangian measured foliation. 

Let P : #i(M,R) -> Jf 1 (M, R) be the (symplectic) map given by the 
Poincare duality. We claim that, if T is periodic, then P~ l [r]j:\ G C(J-). 
More precisely, if {a±,... ,a s } are the oriented waist curves of the cylinders 
{Ai, ... , A s } of J 7 , which are respectively of heights {hi,... ,h s }, then 



(4.28) 



s 

P ~V] = e #i(M,R) 

i=l 
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In fact, if 7 C M is any simple oriented closed curve, then jDAi is homologous 
to ([fli]n[7])-f i relative to dAi, where vi is a positively oriented vertical segment 
joining the ends of A^. Hence (4.28) follows. 

Let A G A(M, R) and let {ai,... , cifc} be a maximal system of regular 
leaves of T such that the system of homology classes {[ai], . . . , [afe]} is lin- 
early independent in Hi(M, R) and the isotropic subspace /(ai,... , o^) C 
i?i(M,R), generated by {[ai],... , [<&&]}, is transverse to A. If fc = g, then 
J- is Lagrangian and C(J-) fl A = {0}. If k < g, then there exists a prim- 
itive homology class h G H±(M, Z) such that /i fl [ai] = • • • = /ifl [a&] = 
and ft I(ai,... , a^) © A. In fact, since A is Lagrangian, the dimension 
of the subspace {ft G I(ai,... , a^) © A | ft n [ai] = ••• = lifl [a^] = 0} 
is equal to g. On the other hand, the dimension over Q of the subspace 
{ft G Hi(M,Q) | ft n [ai]^= ■■■ = ft n [a fe ] = 0} is equal to 2c/ - fe. Since 
2g — k > g, there exists ft G Hi(M, Q) such that ft G" /(ai, . . . , a^) © A and 
ft. n [ai] = ■ ■ ■ = ft fl [afe] = 0. Let then ft G Hi(M,Z) be the unique integer 
multiple of ft which is a primitive integer class. 

Let z = n il% be an integer cycle on M, supported on a finite union of 
disjoint smooth simple closed curves {71, . . . , 7 S } such that [z] = ft, supp(z) n 
a\ = ■ ■ ■ = supp(z) n a,k = and supp(z) n Sjr = 0. Let V(ji) CC W(7i) be 
open tubular neighbourhoods of 7, in M such that, for alH / j G {1, . . . , s}, 

U(^)nui^) = , 

(4.29) Z7(^)n(aiU---Ua fe ) = , 

Wfi) C M \ Sjc . 

Let ti^{^i) be the two connected components of the open set li{^fi) \ 7« and let 
y±( 7i ) : = V(7i) n 6V ± (7i). Let c/>; : M -> R be a function, smooth on M \ 7^ 
with the following properties: 

&(p) = 0, p€Zr( 7 i)UM\W + ( 7 i) , 

(4.29') 

&(p) = l, pGV+( 7 ,). 

Let r G Q \ {0}. The smooth 1-form r/ r := r/jr + r]T^njdc/>j is closed and 
ry r — ► ryjp, as r — > 0, in the space of smooth 1-forms on M. Since d<f>i = on 
M \ U(ji), r] r = r]jr in a neighbourhood of Sjc, hence, if r 7^ is sufficiently 
small, rj r (p) = if and only if p G Sjf, and the foliation T r := {ry r = 0} G 
J- K (M). Since r G Q, the fundamental class [ry r ] G H l (M, Sjf;Q), hence ^> is 
periodic. The simple closed curves a±, . . . , are regular leaves of T r . In fact, 
dc/)j = on M \ Uicii) and U{ai, . . . , a^} C M \ UW( 7 j), hence r/ r = rjjr in a 
neighbourhood of U{a\, . . . , a^}. Let I r C Hi(M, R) be the maximal isotropic 
subspace, generated by the regular leaves of J- r , such that I(ai, ... , a^) C I r 
and I r n A = {0}. We claim that I r 7^ /(ai, . . . , a^). If the latter claim is false, 
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C{F r ) C J(ai,... ,a fe )eA, hence, by (4.28), P' 1 ^] G /(ai,... , a fc )©A, but, 
by (4.29') and the definition of rj r , -P _1 M = P _1 [??^]+r/i J(ai, ... ,a fc )©A. 
In fact, by (4.28) and the definition of the system {ai,... , a^}, P _1 [7j^r] G 
/(ai, . . . , afc) © A and, by construction, /i /(oi, . . . , a&) © A. 

By a finite iteration of the previous construction, we can show that the clo- 
sure in T K (M) of the subset of all Lagrangian measured foliations J 7 , such that 
C(T) Pi A = {0}, contains the subset of all periodic measured foliations. Hence 
it coincides with the entire space T K (M). Our claim is therefore proved. □ 

Lemma 4.4'. Every connected component C K of any stratum Ai K of the 
moduli space of quadratic differentials has a boundary point in S g with 2g 
(paired) real strictly positive residues. 

Proof. Let {71,... , 7^} be a system disjoint simple closed curves on M 
with the property that M := M \ U{7i, . . . , 7^} is homeomorphic to a sphere 
minus 2g disjoint disks. Let V K (7i) be the open subset of quadratic differentials 
q £ Q K such that the vertical foliation T q = {^(g 1 / 2 ) = 0} has a closed regular 
leaf ji(q) isotopic to y L and let V K {ji,... ,j g ) := nV K (ji), i = 1,... ,g. By 
Lemma 4.4, since C K C A4 K is open, the system {71, ... , 7 9 } can be chosen with 
the additional property that the pull-back of C K to the Teichmiiller space Q K has 
non-empty intersection with V K (7i, . . . , 7 ff ). We then construct a continuous 
deformation $ : (0, l} 9 x V K (7i, . . . , j g ) — ► V K (ji, ... ,7 9 ) having the properties 
listed below. Such a construction will conclude the proof. Let qt ■= $t(g), 
t=(h,... ,t g ) £ (0,1]». Then 

(1) If ti = 1 for all z = 1, . . . ,g, then qt = q. 

(2) If ti — > for all i = 1, ... , g, then the Riemann surface carrying o< 
converges to a Riemann surface with nodes, pinched along the curves 
71,... ,7 9 , hence qt converges in the moduli space M g to a quadratic 
differential qo £ S g . 

(3) The zero set of q t coincides with the zero set T, q of q for all t £ (0, l] 9 and 
the cohomology class [3?(g t 1/2 )] = [9(g 1/2 )] £ fl^M.E^R). 

We will construct $t(g) as a composition of deformations 

: (0, 1] x V«( 7 i) - V«( 7 i), i = l,...,(/, 

pinching along 7$. Let q £ V K ("fi) and let 7i(g) be the closed regular vertical 
g-trajectory isotopic to 7$. Let then Mj := M \ {71(g)}. Let 7^, 7^ be the 
boundary components of Mj produced by cutting along the regular trajectory 
7i(g), endowed with the orientation induced by Mj, and let ^ : 7^ — > 7^ be 
the corresponding (orientation reversing) attaching map. Let be copies 

(k) 

of the closed unit disk in the complex plane and h\ be the meromorphic 
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(k) 

differentials on D\ , k = 1, 2, given by 



(4.30) /i. 



(*) .. 



2vr z « 



where cf^ / are the periods of ^s(q 1 / 2 ) along 7^. Since 7^, k = 1, 2, can be 
identified to 7i((/) taken with opposite orientations, we have that +cf^ = 0. 

(k) (k) 

The boundary circle of D\ is a regular vertical trajectory of h\ . Hence by 

gluing the pairs (D^\{0}, h^) to the pair (Mi, q 1 ^ 2 ) along the curves 7.^, we 
1/2 

obtain a pair (Mi,q i ), where M» is a surface of genus g — 1 with two (paired) 
punctures and q l J 2 is a regular 1-differential with the same zeroes as q 1 / 2 . Let 
if)f^ : dD^ — ► 7^ be the corresponding attaching map. Let U G (0,1], let 
S^ k \ti) be the circle of radius ti in the disk and let tpi(U) : S^\ti) — > 
S^ 2 \ti) be the attaching map defined as follows: 

(4.30') ifcfeX*^) := *i (W 2) ) _1 * 4\ti l z?) ■ 

Let (Mi(ti),qi(ti) l l 2 ) be the pair obtained by restriction of (Mi,q\^ 2 ) to the 
complement of the open disk {|^-^| < U} C in Mj, then by gluing along 
the boundary curves in the way prescribed by the attaching map (4.30'). If 
U / 0, Mj(tj) is a compact Riemann surface of genus g > 2 and, since the 
boundary circles S^ k \ti) are regular vertical trajectories of the quadratic dif- 
ferential qi, qi(U) has the same zeroes as q, hence qi(U) G Q K . In addition, 
by the choice of the holomorphic differential (4.30) and of the attaching map 
(4.30'), the cohomology class p% 1/2 (i;))] = [9(g 1/2 )] G H\M, E,;R), for 
all ^ G (0,1]. By construction, (M^), = (M,g), if t L = 1, and 

(Mj(tj), </i(tj)) = (Mi,qi), if £j = 0, where % is a regular quadratic differ- 
ential with two poles of order 2 at the two (paired) punctures of the surface 
Mi, with real strictly positive (equal) residues. We then define: 

(a) := ft(ti) , (^, (?) G (0, 1] x V K ( 7 .) 5 

(b) * t (g) := *g> o • • • o $g)(g) , (f, g) G (0, 1]» X V K ( 7 1, . . . , 1 9 ) . 

It can be checked that the pinching deformation $ : (0, l] 9 x V K (ji, . . . ,7 9 ) — ► 
V K (7i, . . . , 7 ff ), given by (4.31), is well-defined and has the required properties. 
In fact, $^(V K (7i,... ,7 9 )) C V«(7i, . . . ,7 9 ), for all i = 1, . . . , g and all 
U G (0, 1]. Since, by definition, 3^ ((?) = (7, if tj = 1, the property (1) holds. 
Let (Mo, qo) be the regular quadratic differential constructed by gluing all the 
pairs (D^ \ {0}, hf^) to the pair (M , q 1 ^ 2 ) along the curves 7^. Then, since 
M is homeomorphic to a sphere minus 2g disjoint disks, Mq is a punctured 
Riemann sphere (by the uniformization theorem) with 2g paired punctures 
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and go is a regular quadratic differential with the same zeroes as q and poles 
of order 2 at all punctures. Hence qo 6 S g and in particular, by (4.30), it has 
strictly positive residues. Since qt := 3>t(<?) — ► qo as ti — > 0, for alH = 1, . . . , </, 
property (2) is also proved. Finally, property (3), which will be relevant in a 
similar construction carried out in Section 8.2, follows, as we have remarked 
above, from the choice of the differentials (4.30) and of the attaching maps 
(4.30'). □ 

Theorem 4.5. No connected component C K of a stratum M K of holo- 
morphic quadratic differentials is contained in the determinant locus. In fact, 
the following stronger result holds. Let := C K flM 1 '. We have: 

(4.32) sup Ai(q) = 1 , for all i € {1, ... ,g}. 



Proof. By the definition (4.2) it is sufficient to prove the statement for 
i = g. By Lemma 4.4', C K has an accumulation point (Mo, go) £ Sg with real 
strictly positive residues at all 2g (paired) punctures of the punctured Riemann 
sphere Mo- Let (M( ttT \,qr tjT \), (t,r) gPx C 29 ~ 3 be the holomorphic family, 
whose construction has been outlined above, parametrizing a neighbourhood 
of (Mo, go) in the compactified moduli space of quadratic differentials. Then 
(M(t, T ),q(t,T)) = ( M o,Qo), if (*,t) = (0,0), and (M( t>T ),g (t>T )) € S g , if t = and 
r € C 2ff ~ 3 is close to the origin. Let n/ tjT ) be the period matrix of Mu T \ with 
respect to a normalized basis {9±(t, r), . . . , g (t,T)} on M( t >r ), holomorphic in 
a neigbourhood of the origin in C 9 x C 29-3 . The period matrix is well-defined 
if U ^ for all z = 1, . . . ,g. By [15, III] or [71, §3, Corollary 6] (see for instance 
[15, p. 54]), the period matrix satisfies the following asymptotics (taking into 
account that the normalization condition adopted by [15] and [71] differs from 
ours by a factor 2m): 

(4.33) n« T) - JLayiog* 

is bounded as t — > 0, uniformly on r G C 2ff_3 in a compact neighbourhood of 
the origin. Let Aj(i, r), i G {1, . . . , be the eigenvalues (4.2) of the hermitian 
form (4.2') at (Mu jT \,qu T \). By formula (4.6), Lemmas 4.2 and 4.2' and by 
the boundedness of (4.33), we obtain: 

(4.34) Jim A 1 (t,r)---A fl (*,r) = l . 

Since any neighbourhood of (Mo, go) in the compactified moduli space contains 
points of the connected component C K and since the hermitian form (4.2') 
and all its eigenvalues Aj are invariant under the multiplicative M-action on 
quadratic differentials, the statement is proved. □ 
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Corollary 4.5'. The second Lyapunov exponents of the Kontsevich- 
Zorich cocycle with respect to the ergodic invariant measure given by the re- 
striction to any connected component of a stratum M$ is strictly positive. 
In fact, it satisfies the estimate 

(4-35) X 2 m>-^[ A g d^>0. 

Proof. The first inequality in (4.35) follows from the ergodicity of the 
Teichmiiller flow on (see Theorem 1.1) and from the lower bound proved 
in Theorem 3.3. In fact, A~ = A g , by the definitions (3.15), (4.2), (4.2') and 
standard properties of hermitian forms. Finally, the strict positivity of the 
integral in (4.35) holds by Theorem 4.5, since the function A g is continuous 
and the measure n$ is positive on any open set. □ 



5. The Kontsevich-Zorich formula revisited 
and other formulas for the Lyapunov exponents 

In [38] M. Kontsevich and A. Zorich obtained a formula for the sum 
Ai + ■ ■ ■ + X g of the non-negative Lyapunov exponents of the Kontsevich-Zorich 
cocycle. In this section we prove a different version of the formula along the 
lines of Sections 2 and 3. The same method yields formulas for all the partial 
sums Ai + ■ • • + Afc, 1 < k < g. 

Let Gfc(M, R) C -ff 1 (M, M) be the Grassmannian of isotropic subspaces of 
dimension k G {1, ... ,g}, which is a compact manifold of dimension 
(2g — k)k — (k 2 — k)/2. Let q £ Q$ be an orientable quadratic differen- 
tial and Ik G Gk{M, R) an isotropic fc-plane. Let Sk := {c\,... , c^} be an 
ordered basis of By (2.4) such a basis corresponds to an ordered sys- 
tem {mf , . . . , mi}, linearly independent over R, of meromorphic functions in 
I? q (M). Let {v\,... C H 1 (M) be a system of the functions determined 
(up to additive constants) by the orthogonal decompositions 

(5.1) mf = d+Vi + 7r~(m+) , 

where tt~ : L 2 (M) — ► M.~ is the orthogonal projection operator given by the 
splitting (2.3). Let A k , H k , B k and V k be the k x k matrices defined as follows: 

A ij ■= {mi,mj) q , 

H ij •■= K~ K + ) , *q K + ))q, 

B k := B q (m+,m+) := {m+,rf) q , 
V k j := (d+Vi,d+v]) q = {d~Vi,d~Vj) q . 
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Such matrices depend on the pair (q,S k ), where q G and Sk is an ordered 
linearly independent isotropic system of length k G {1, . . . ,g} of real coho- 
mology classes. However they are invariant under the natural action of the 
pure mapping class group T g . By the isotropy property and (2.5'), the matrix 
A k is real and symmetric, while H k is hermitian and B k , V k are complex and 
symmetric. 

Our goal is to compute the evolution of the fc-dimensional volume on 
any isotropic plane Ik under the action of the Kontsevich-Zorich cocycle. Let 
q € Qk~^ and let Sk '■= {c±,... ,Ck} be any linearly independent ordered 
isotropic system of cohomology classes. 

Lemma 5.1. Let q t := G t (q), S k (t) := Gf z {S k ) and A k , Hf, and 
V k be the matrices associated to the pair (q t ,Sk(t)) according to (5.2). The 
following formulas hold: 

j t det(A k ) = -2det(A k M(A k )- 1 m k ] , 

(5 ' 3) ^ det(A k ) = 4det(4) {tr 2 ^*)" 1 ^*] 

- tr[(A k )-^B k ] 2 + tr[(A k )- 1 R(Ht ~V t k )]} . 

Proof. By the standard formulas for the derivatives of a determinant: 
j t det(A k )= det^trP?)" 1 ^], 
(5.4) *L det(^) = det(A k ){tv 2 [(A k )- l f t A k ] 

+ tr[(A k )-^ 2 A k - ((A k y^ t A k ) 2 ]} . 

In addition, by the variational formulas (2.12) for the Kontsevich-Zorich cocy- 
cle, proved in Lemma 2.1, we can compute 



(5.4') 



^A k = -2$tB k , 
dt 1 1 



A k = A^(H k - V k 



dt 2 ' 

The formulas in (5.3) are then obtained by (5.4) and (5.4'). □ 

We can then compute the following generalization of the formula of Lemma 
3.2. Let q £ Q$ and q z , z £ D, be given by (3.1). Let I k G G k (M,R) be an 
isotropic fc-plane and Sk be any given ordered basis of Ik- Let A k , H k , B k and 
V k be the matrices associated to the pair (q z ,Sk) according to (5.2). 

Lemma 5.2. The following formulas hold: 
(5.5) A, log | det(^)|V2 = zttrp*)- 1 ^] - 2tv[(A k )- 1 B k (A k )- 1 B k ] . 
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Proof. The argument follows the proof of Lemma 3.2. It suffices to prove 
(5.5) at the origin of the Poincare disk D. Let Xg be the directional derivative 
at z = 0, defined by (3.9). By Lemma 5.1 and the identities (3.11) and (3.11'), 
we have: 
(5.6) 

X det(A k ) = -2det(4)trpg)- 1 sR(e-^^)] , 
X 2 e det(A k z ) = 4det(4){tr 2 [(4)- 1 ^(e-^ J B fe )] 

- tr[(4)- 1 K(e- i X)] 2 + tr [K') _1 ^(^o - e " 2if? ^')]} • 

We can write the hyperbolic gradient and Laplacian in terms of the directional 

derivatives as in (3.12): 

(5.6') 

V h det(A k z ) = (X det(A k z ),X*det(A k )) 

= -2det(^)(tr[(4)- 1 »B*],tr[(^)- 1 9B fc ]) , 
1 f' 27T 

A h det(A k ) = - Xl det(A*) d9 
n Jo 

= 4det(^){tr 2 [(4)- 1 ^] +tr 2 [(A k )- 1 -sB k ] 

- trP fe )- 1 ^] 2 -trP fe )- 1 ^] 2 + 2tr[(^)- 1 ^]} . 

The desired formula (5.5) (at z = 0) can be derived from (5.6') by applying 
the formula (3.13) with <p{z) := | det(Aj)! 1 / 2 . □ 

Lemma 5.2'. The formula 

(5.7) $ fc := 2ti[{A k )- l H k ) - tv[{A k )- 1 B k (A^W] , 

where the matrices A k , H k and B k are given by (5.2), is independent of 
the choice of a basis of the isotropic plane Ik and therefore defines a non- 
negative function §k '■ Qk^ x Gk(M, R) — > R, invariant under the natural 
action of the modular group F g . In addition, the following identities hold. let 
I\ C Ii C ■ ■ ■ C Ig C H 1 (M, R) 6e a finite sequence of isotropic subspaces 
such that dim(Ik) = k G {1, . . . ,#}. Lei g G awd {m|, . . . > m ^} ^ e an 

orthonormal basis of the space M.+ of meromorphic functions in L 2 (M) such 
that, for each k G {1, . . . ,<?}, {w,^, . . . } represents an orthonormal basis 
of 1^, in the sense that, if a = [^(mfq 1 / 2 )] G H 1 (M, R), i/ien {ci,... , c^} 
is an orthonormal basis of Ik with respect to the Hodge norm induced by the 
metric R q . Then 

(1) <f> 1 (q,I 1 )=2\^(mt)\ 2 -\B q (ml)\\ 

(2) <S>k(q,h) = * g (q,I g ) ~ E?j= fc+ i \B q (mt,m+)\ 2 , 

(3) ^g(q,Ig) = A 1 ( q ) + ---+Ag(q). 
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Proof. The formula (5.7) depends in principle on the choice of a basis 
{ci, . . . , Cfc} of the isotropic subspace Ik- However, since the matrix of a change 
of base is a real matrix, a computation using the commutativity property of 
the trace shows that in fact there is no dependence on the choice of the base. 
In particular, if we choose an orthonormal basis, then by the isotropy of 
(mf,m~j~) q = 5ij and we obtain the following formula: 

k k 
(5.7') = 2j>-(m+)| 2 - jr \B q (mf,mp\ 2 . 

i=l *J=1 

The identity (1) is a particular case of (5.7')- The identity (2) can be computed 
on the basis of (5.7') taking into account the following identity, which holds 
since {m\ , . . . , m+}, and hence {mf, . . . , raj}, are orthonormal bases for the 
spaces of meromorphic, respectively anti-meromorphic, functions in L 2 q {M): 

g 

(5.8) n-(m+) = ^ B q (m+,m+) m+ . 

3=1 

Finally, if k = g, by (5.7') and (5.8), 

9 

(5.9) * g (q,I g ) = K(mt)\ 2 = A 1 (q) + ■ ■ ■ + A g (q) , 

i=i 

which proves (3). The invariance of under the natural action of the modular 
group follows from the invariance of the matrices A k , H h , B h , which enter in 
the definition (5.7). □ 

Let q G Q^k\ z = (t,9) 6 D in geodesies polar coordinates on the 
Teichmiiller disk centered at q and let q z be defined as in (3.1). Let Gf z 
be given by the (trivial) parallel transport of cohomology classes from the ori- 
gin at q to q z along the Teichmiiller disk centered at q in Q$ ■ By Lemma 3.1 
and Lemma 5.2, 

(5-10) ^J^log\detA k z \V 2 d0 = taj&(t)j^J D $ k oGf z (q,I k )u> P (0 . 

As a first consequence of (5.10), we prove the following version of the 
formula for the sum of the first g exponents, given by M. Kontsevich and 
A. Zorich [38]: 

Corollary 5.3. The Lyapunov exponents of the Kontsevich- Zorich co- 
cycle with respect to the ergodic invariant measure given by the restriction to 
any connected component of a stratum satisfy the following identity: 

(5.11) Al + ... + A, = — Ljj- [ (A l + ... + A g )d^ . 
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Proof. Let a q be the normalized canonical (Haar) measure on the Grass- 
mannian Gfc(M,R) of isotropic /c-dimensional subspaces Ik C H l (M q ,R), en- 
dowed with the Euclidean structure given by the Hodge inner product induced 
by the metric R q . The probability measure o~ q is invariant under the action of 
the circle group SO(2,R) on Q g . In the case k = g, since the function <3? s does 
not depend on the Lagrangian plane I g , by averaging (5.10) over Gk(M, R) 
with respect to erf, then over a stratum M$ with respect to any ergodic 
Gj-invariant measure (i, we obtain: 



(5.12) 



±-- [ [ [ * log | det Al | V2 dfld^ 

2vr dt y^a) jG k (M,R) Jo 



= tanh(t) / (AH h A fl ) . 

•Am! 1 ' 



If |U is the normalized restriction to any connected component of of the 

invariant measure , which is absolutely continuous and invariant under the 
action of the circle group on , by applying Fubini's theorem to the left-hand 
side of (5.12) and averaging over [0,T] with respect to time, we have: 

1 

(5.12') 



T JM™ JG k (M,\ 



log I det (A 9 r (A 9 )~ l ) \ 1 ' 2 da k q dn 

log cosh T f a \ 7 

JMl' 



T -'Ml 



The identity (5.12') yields (5.11) in the limit T — > +oo. In fact, by Oseledec's 
theorem, the limit of the left-hand side is equal to the sum Ai + ■ ■ ■ + \ g . □ 

Remark 5.3'. Since Ai = Ai = 1, the formula (5.11) is equivalent to the 
following: 

(5.13) A 2 + --- + A g = 1 f (A 2 + --- + A g )d^ . 

In particular, such formula implies that A2 > (Corollary 4.5') and it gives an 
exact formula for the second Lyapunov exponent in the case g = 2. 

The formulas (5.10) directly imply the non-vanishing of about a half of 
Lyapunov exponents in case g > 2. 



Corollary 5.4. Let us consider the Lyapunov spectrum of the Kontse- 

zspe 

connected component of M$ ■ If k < g/2, 



vich-Zorich cocycle with respect to the restriction of the measure jik^ to any 



(5.14) 



1 = Ai > A 2 > • • • > A fe > A fc+ i > 



44 



GIOVANNI FORNI 



Proof. Let k < g/2 and let 

(5.15) M k (q) := sup{$ fc ( 9 , I k ) \ I k G G k (M, R)} . 

We claim that any connected component of the stratum has an open 

subset where the following inequality holds: 

(5.15') M k {q) < Ai(g)+--- + A ff (g) . 

In fact, if (5.15') fails, by Lemma 5.2' and the compactness of the Grassman- 
nian, there exists an orthonormal system {mf,... ,m+} C Mg~ such that 
B q (mf , to^~) = for all i, j G {k + 1, . . . , g}. By (5.8), if the projection 7r~ is 
injective, then g — k < k. Since k < g/2 and, by Theorem 4.5, ir^ is injective 

on an open subset of any connected component of the claim is proved. 

By formula (5.10), 

(5.16) — - ^ log | det ^l 1 /^ < tanh(t)— M k (q^ P (0 . 

Then, by averaging successively over G k (M,R) with respect to a^, over a 

connected component C with respect to the normalized restriction \i 
of the measure \xk* and over the interval [0, T] with respect to time, we obtain: 

1 f f logldet^K)- 1 )!^^^ 

(5 16') J G k (M,R) 

' log cosh T f , N . 

<^S= / (l M k (q)dti. 

Finally, by taking the limit as T — > +oo, we have: 

A 1 + ... + A,<-^/ M fe (,)^) 

(5.17) ^ K ' ' 

< ^i)^L( Ai+ --- +A ^^ 1) = Ai+ --- +A ^ 

Hence, Afc + i > 0. In fact, a strictly positive lower bound can be derived from 
(5.17). □ 

The investigation of higher Lyapunov exponents requires some kind of 
control on the invariant sub-bundles of the Kontsevich-Zorich cocycle. A result 
in that direction will be proved in the next section. We conclude this section 
by deriving one more consequence of formula (5.10), an exact formula for the 
exponents in terms of the invariant sub-bundles. 

Corollary 5.5. Assume X k > X k+1 > 0, k e {1, . . . ,g - 1}. Let 
C Ti\{M, M.) be the k- dimensional invariant sub-bundles corresponding re- 
spectively to the sets of Lyapunov exponents ±{Ai,... ,X k } in the Oseledec's 
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splitting of the Kontsevich-Zorich cocycle. Then the following formula holds: 

(5.18) Al + ... + A fc = — Ljj- [ * k (q,E+(q))d^ . 

Proof. By Oseledec's theorem, for almost all q G M^, almost all 
9 G [0, 2ir] and cr^-almost all /c-dimensional isotropic subspaces I k G Gfc(M, R), 

(5.19) dist(Gf i f ) (g,4),GP(g e , J B+(^))) - 0, 

as i — > +oo. Consequently, since the function is bounded and continuous, 
by Fubini's theorem and the dominated convergence theorem, 

, „ TfT\ [ [ \^koGf s Z e) (q,I k ) 

(5.19') \ D t\ JG k (M,R)JD t ( '> 

-<S> k oGf z (q e ,E+{ qe ))\u P {s,e)da k q - 0, 

as t — > +oo, for almost all g G .M^. Hence, by averaging (5.10) over Gfc(M,R) 
with respect to the measure cr*, then with respect to the normalized restriction 

/i of the invariant measure fjjp to a connected component C M$ and 
applying Fubini's theorem, we find that, since is an invariant sub-bundle 
of G KZ and n is SL(2, R)-invariant, 



-§ / / log|det(4)| 1/2 ^^ 
^ -/All 1 ' JG k (MM) 

- tanh(t) / $ fc ( 9 ,£+(g))d/z - 0, 
JmI> 



(5.20) " ^ JGk(M ' 



as i — > +oo. Finally, by averaging over [0,7] with respect to time and by 
Oseledec's theorem, we obtain (5.18). □ 



6. Basic currents for measured foliations 



The invariant unstable and stable subspaces of the Kontsevich-Zorich co- 
cycle at a quadratic differential q G M$ will be described in terms of dis- 
tributional invariants of, respectively, its horizontal and vertical foliations, T q 
and J-- q . Such invariants will be defined as a distributional generalization of 
the notion of basic form, well known in the geometric theory of foliations [53] , 
[54], [63, Chap. 4], [2, §1.5 & §7] and will therefore be called basic currents. 
In this section we prove a few properties of basic currents and of the weighted 
Sobolev spaces introduced in [18, §2] which will be relevant in the study of 
the Kontsevich-Zorich cocycle. The most crucial is a version of the Poincare 
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inequality with an explicit geometric estimate for the constant. Such an es- 
timate, equivalent to a lower bound for the first non-trivial eigenvalue of the 
Dirichlet form of the metric R q , is obtained following Cheeger's method [9], 
[4]- 

6.1. Basic currents and invariant distributions. Let T be a measured 
foliation on a compact orientable surface M of genus g > 2 in the sense of 
Thurston [62], [14]. Let E C M be its (finite) set of singularities. 

Definition 6.1. A basic current for J-\m\t, is a current C £ P'(M\E) (in 
the sense of de Rham [11], see also [56, Chap. IX]), homogeneous of dimension 
(and degree) equal to 1, with the following property: 

(6.1) lx C = £ x C = 0, 

for all smooth vector fields X tangent to J 7 , with compact support in M \ E. 

The operators of contraction and Lie derivative, with respect to a smooth 
vector field X, denoted ix and Cx respectively, are extended to currents in 
the standard distributional (weak) sense [56, Chap. IX, §3]. The vector space 
of all real basic currents for F\m\e wm be denoted by B?(M \ E). 

Let q £ Q K be an orientable (holomorphic) quadratic differential on a 
(marked) Riemann surface M q . Let E g be the (finite) set of its zeroes. We 
introduce the following space Q q (M) of smooth test forms on M. Let p 6 E ? 
be a zero of (even) order k £ N. There exists a canonical complex coordinate 
z : Up — ► C on a neighbourhood U p such that p £ U p , z{p) = and q = z k dz 2 
on Up. Let 7r p : U p — > C be the (local) covering map defined by tt p (z) := 
z k / 2+1 /(k/2 + 1). A form a £ Q q (M) if and only if, for all p £ T, q , there 
exists a smooth form A p on a neighbourhood of £ C such that a = vr*(A p ) 
on U p C W p . The dual space S' q (M) of fi g (M) will be called the space of 
q-tempered currents on M. A homogeneous tempered current of dimension d 
will be a continuous functional on the subset fij*(M) C fi g (M) of homogeneous 
forms of degree d £ N. 

Let V q (M) be the space of vector fields X on M \ S 9 such that i^a, 
£ x a £ n,(M) for all a £ f2,(M). 

Definition 6.1'. A current C £ S'JM), of degree and dimension equal to 
1, is basic for T± q if the identities (6.1) holds in S' q (M) for all X £ V q (M), 
tangent to T± q on M \ S g . The vector spaces of real JF ±9 -basic currents will 
be denoted, respectively, by £>± g (M). 

Let Z'(M \ E g ) C V(M \ Eg) be the vector space of closed real homoge- 
neous currents of dimension (and degree) equal to 1. A current C £ P'(M\E g ) 
is closed if the identity dC = holds in P'(M \ Eg) [11, Chap. IV, §18]. By 
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the generalized de Rham theorem [11, §15, Th. 12], [56, Chap. IX, §3, Th. I], 
there exists a natural cohomology map 

(6.2) j q : Z'(M \ Yjq) — ► H X {M \ £ 9 , R) . 

In fact, any closed current C G Z'(M \ T, q ) defines a linear functional on the 
de Rham cohomology with compact supports H^,(M \ T, q ,W) and, by Poincare 
duality, H*(M \ £„R)* = ^{M \ £ 9 ,R). Let Z' q {M) C Z'(M \ £,) be the 
subspace of g-tempered currents C of dimension (and degree) equal to 1 which 
are closed in S' q (M), in the sense that dC = holds in S' q {M). 

Lemma 6.2. The cohomology map (6.2) has the property that 

(6.2') j q : Z' q (M) - i/^M.K) C H\M \£ 9 ,R) . 

Proof. Let C G 2£(M). Then C G Z\M \ E q ) and the cohomology class 
jq(C) G fl^M \£„R) is therefore well-defined. Let c G Hj(M\T, q , R) belong 
to the kernel of the (surjective) canonical map 

(6.3) e : Hl{M \ £ g ,R) — ► i? 1 (M,R) . 

Then c = [dv ] , where v is a smooth function on M constant in a neighbourhood 
of each point j) £ S,. Since v G f2g(M) and C is closed in S' q (M), C(dv) = 
dC(i;) = 0. Hence j q (C) G A^e)" 1 , the annihilator of the kernel N(e). The 
dual map 

(6.3') e* -.^(M^)* ->i/ 1 (M\E ff ,R) 

coincides with the canonical injection H 1 (M, R) — »■ H 1 (M \ £ g ,R), under 
the identification /^(M.R)* = ^(il^R) given by the intersection form on 
H l (M, R). Since iV(e)- 1 - is equal to the range of the dual map e*, j 9 (C) G 
H l {M,R). ' □ 

Let £ ±g (M \ E g ) := £^(M \ £,), ^ = T± q . 

Lemma 6.2'. The following inclusions hold: 

(1) 6± ? (M)cB ± ,(M\S 9 ), 

(2) S ± ,(M\S)C2'(M\E,), 

(3) B±,(M) C ^(M). 

Proof. (1) follows directly from the definitions. In fact, since smooth 
forms with compact support in M \ E g belong to the space Q q (M), the space 
of (/-tempered currents S'(M) C V'(M \ £ ? ) and vector fields with compact 
support in M \ Eg belong to the space V q (M). 



48 



GIOVANNI FORNI 



(2) The identity 

(6.4) C X C = i x dC + d{i x C) 

holds for currents [56, (IX,3;32)] in V'(M \ Eg) if C G V{M \ Eg) and X is 
a vector field with compact support in M \ Eg. Hence, if C € B± q {M \ Eg), 
ixdC = in T>'(M \ Eg) for any vector field X, with compact support in 
M \ E g , tangent to T± q . Since C has dimension (and degree) equal to 1, dC 
has dimension (and degree 2). It follows that dC = 0, hence C is closed, in 

V'(M \ Eg). 

(3) The identity (6.4) holds in S' q (M) if C G S,(M) and X G V,(Af). If 
C G B±,(M), it follows by (6.4) that i x dC = for all vector fields X G V g (M), 
tangent to JF-tg. Hence dC = in S' q {M). □ 

Definition 6.3. The (first) distributional basic cohomology (with real 
coefficients) of the measured foliations .Fig | m\£ 9 > F±q, denoted respectively 
by H± q {M \ Eg,R), H± q (M,M.), are the images, under the cohomology map 
(6.2), of the spaces of basic currents B± q (M \ Eg), B± q (M): 

H± q {M \ Eg,R) := j q (B± q (M \ Eg)) C H l (M \ E g ,M) , 
H± q {M, R) := jg(H±g(M)) C i? 1 (M, R) . 



Basic currents in B q (M) [B- q (M)\ are related to the invariant distributions 
for the vector field S [T], constructed in [18, §4] as obstructions to the existence 
of smooth solutions to the cohomological equation Su = f [Tu = /]. They 
therefore have a dynamical significance as they give obstructions to triviality of 
time changes for flows tangent to the foliation. In fact, time-change triviality 
is equivalent to the solvability of the cohomological equation [32, Def. 2.2.3 & 
§2.9]. 

Definition 6.4. A quasi S'-invariant [a quasi T-invariant] distribution 

V G P'(M\£) is a distributional solution of the equation SV = [TV = 0] in 
P'(M\£). An S'-invariant [a T-invariant] distribution is a solution V G S q {M) 
of the equation ST) = [TT> = 0] in S' q {M). The vector space of quasi 
S'-invariant [quasi T-invariant] distributions will be denoted by T q {M \ Eg) 
[T_g(M \ Eg)]. The subspace of S-invariant [T-invariant] distributions will be 
denoted by T q {M) [J_,(M)]. 

A distribution T> will be considered as a current of degree 2 (and dimen- 
sion 0). However, it is possible to identify distributions with currents of degree 
(and dimension 2) by the isomorphism V —> V* determined by the area form 
io q on the (open) manifold M \ E [56, Chap. IX, §2]. Given any distributions 

V G V'(M \ Eg), let T>* be the current of degree (and dimension 2) uniquely 
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determined by the identity V = V*uj q . It is then possible to define the (exte- 
rior) products T>*r)s or V*t]t as in [11, p. 42], [56, Chap. IX, §3]. Such products 
are the currents, of dimension (and degree) equal to 1, given by the formulas 

(g g) V* VS := V* A 775 = isV , 

V*t]t := T>* A rjx = —%tT> ■ 

Lemma 6.5. The maps : l± q (M \ £ ? ) — »■ B± q (M \ £ ? ) given by the 
formulas 

(67 C+(V):=V* VS , V€l q (M\X q ), 

C-(V):=V*r, T , P£I-,(M\E,), 



are bijective. The inverse mappings are given by the formulas 
(6.7') 



C+ -► -C+ A t? t G T q {M \ E q ) 



C~ - C~ A r/5 G T- q (M \ E„ 



In addition Cf{V) G B± q (M) C B± q (M \ S 9 ) if and only if V € l± q (M) C 
J±,(M\E,). 

Proof. Let X be a smooth vector field tangent to T q \T- q \. Then, since 
T± q are 1-dimensional, X = WS [X = WT], where W is a smooth function 
with compact support in M \ £ g if X has compact support and W G 0,g(M) 
if X € V,(M). Since, by (6.6), P*77 5 = 75!? [P*7/ T = -7 T P] and i 2 s = i\ = 0, 

^(^s) = W r »s(^s) = ^ = 
' M^V) = Wi T (V*r] T ) = -Wi\V = 0] , 

in V(M \ £) if D € X>'(M \ E), in <S£(M) if D € <S£(M). 

Since 775 [t/ t ] is closed, if V G l q (M \ E ? ) [P G T_ 9 (M \ E ? )], we have 

d(2?V) = d(fAf 7 s) = 1 ST> = 
[ ' j [d(P*77 T ) = d(V* A 77 T ) = -TP = 0] 

in V\M \ E). Hence, by (6.4), V* Vs G £ 9 (M \ E 9 ) [P*t/ t G B_,(M \ £,)]. If 
V G X,(M) [Z> G T- q {M)\ the identities (6.8') hold in S' q {M). Hence P*t/5 G 
B q (M) [P*t/ t G B_,(M)]. 

Conversely, let C G B,(M \ £,) [C G B_,(M \ £,)]. Let D G P'(M \ E) 
be the distribution given by 

, . T> := —C A 77T 

6-9 

[P-CA775]. 

Let be any real-valued function with compact support in M \ S 5 and 
let X := 4>S [X := (j)T\. Since ixVt = fosVT = 4> fyxVS = 4> l T"<ls = </>] an d 
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ixC = 0, 

<f>V*ris = ixV = -ix (C A rjx) = 4>C 
[4>V*r) T = -i x V = -i x (C A ns) = 4>C] , 

hence C = V*n s [C = V*r] T ] in V'(M \ £). In addition, V G 2 q (M \ E,) 
[D €l_,(M \£,)], since 

sp = d(PV) = dc = o 

1 ' j [TP = -d(V*r] T ) = -dC = 0] 

in£>'(M\£g). If C € B q {M) [C G B_,(M)], since S, T £ V,(M), the identities 
(6.9'), with = 1, and (6.10) hold in 5^(M). It follows that D G X,(M) 
[D€X_,(M)]. ' ' □ 

The space of all basic currents is filtered by a scale of subspaces of finite 
order currents, defined in terms of the weighted Sobolev spaces introduced in 
[18, §2]. 

6.2. Weighted Sobolev spaces of currents. The space I? q (M) is simply 
the space of square-summable complex-valued functions with respect to the 
area-form uj q considered in §2, i.e. L q (M) := L 2 (M,uj q ). The space H*(M), 
s G N \ {0}, was defined in [18, §2] as the completion of the space of smooth 
complex- valued functions v on M such that 



(6.11) \v\ 8 := ( £ \S^v\l) 



1/2 

< +oo 



i+j<s 



with respect to the norm | • \ s . Let H S (M) denote the standard Sobolev spaces 
on the compact manifold M [70, Chap. IV, §1]. The following properties hold: 

(1) L\M) C Ll(M), 

(2) J ff 1 (M) = J ff g 1 (M), 

(3) H s q {M) cH s (M),s> 2. 

The embedding (1) is an immediate consequence of the definitions, since 
ujq is a smooth 2-form on M, vanishing at E. The isomorphism in (2) can be 
proved by [18, Lemmas 2.1 & 2.2]. The proof is based on Poincare's inequality 
and on the following formulas (see [18, (2.7)]): 

S = \z\- k U(z k l 2 )^- - ^(z k ' 2 )^- 

T =\z\- k \ %z k / 2 )^- + K(z k / 2 )^-\ 
y ox oy J 
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where z = x + iy is a canonical complex coordinate for the (orientable) 
quadratic differential q at a zero p G T, q of even order k. By the same for- 
mulas and (2) one can also derive (3). We also remark that the space of 
smooth functions with compact support in M \ T, q is not dense in Hi*(M) 
for s > 2, as a consequence of (3) and of trace theorems for Sobolev spaces 
[1, Th. 5.4]. However, it can be proved that Q q C H q (M) is a dense subspace, 
for all s > 0. In fact, C°°(M) n H s q {M) is dense in H s q {M) by definition. The 
density of VL° q in C°°(M) n H q (M) can be proved by Taylor expansion at each 
P e S g . 

The weighted Sobolev spaces of 1-forms, defined for all s > by 

(6.12) WJ(M) := {a G S£(M) | (t s a, *ra) G if«(M) x #*(M)} , 

have a natural Banach space structure, isomorphic to the product H q (M) x 
H q {M). Since n° q C iZJ(Af) is dense, Q q C WJ(M) is also dense, for all 
s > 0. The dual Sobolev spaces H~ S (M), H~ S (M) will be the distributional 
spaces defined, according to the standard Banach space theory, as the spaces 
of bounded functionals on H q (M), H q (M) respectively. Let J|(M) C l q {M) 
[l± q (M) C I- q (M)\ be the space of S- invariant [T- invariant] distributions of 
order s G N, that is the space of V G H q s (M) such that SV = [TP = 0] 
in H q s - l (M). Let ^(M) C B±g(M) n H q s {M) be the space of ^-basic 
currents of order s G N, defined as follows: 

B-(M) := {C\i s C = 0€ H q s (M), C S C = G K^-^M)}, 

B s _ q {M) := {C\i T C = 0£ H q s (M), C T C = G H^ S_1 (M)}. 

By Lemma 6.5, we have the following: 

Lemma 6.6. A current C G B s q (M) [C G B s _ q (M)] if and only if the 
distribution C A tjt G I q (M) [C Arjs G Xi g (M)]. In addition, the map 

C — > —C A rff- , 

(6.13) 

V ^ [C - C A 77s] , 

is a bijection from B q (M) [B s _ q (M)} onto the vector space I q (M) [I^_ q (M)] of 
S -invariant [T-invariant] distributions of order s G N. 

Definition 6.7. The H~ s (first) basic cohomology (with real coefficients) 
of the measured foliations T± q is given by 

(6.14) H^(M,R) := j q {B s ±q {M)) C H± q (M, R) C ^(M,R) . 

The basic cohomology of the measured foliations T± q depends locally 
only on the A. Katok's fundamental class of the foliation. The proof is in fact 
based on Katok's local classification theorem for orientable measured foliations 
on surfaces, announced in [29, Th. 3], proved in [32, Th. 14.7.4] or [47, Th. 
7.11.7]. 
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LEMMA 6.8. Let qt G Q K , t G [0,1], be a smooth family of quadratic 
differentials. Let T, t be the set of zeroes of q t . With the natural identification 
of the relative cohomology vector spaces H l (M, S t ,R) = H 1 (M, So , M) , for all 
t G [0, 1], we have: 

Mq] /2 )] = \t[Z(ql /2 )] GH^M.So.K), and 

all A+ > =► Hg' s (M, R) = H^ f(M, R) , 
(6-15) , , ? ° 

[K(^ 1/2 )] = A,-[K(^ /2 )] Gtf^M^R), and 

all AT > => ^ t (M,R) = ffi'^(M,R) . 

Proof. Since quadratic differentials in <5 K are determined up to isotopies 
and the iif~ s basic cohomologies H±t(M, R) are invariant under isotopies, we 
can assume that S t = So and g t = qo on a neighbourhood of So- By a re- 
sult of A. Katok [32, Th. 14.7.4] or [47, Th. 7.11.7], if [9(g t 1/2 )] = A t +[9(^ /2 )] G 
H^M^R) [if [3% t 1/2 )] = A t ~[3% 1/2 )] G ^(M^ojR)], with A+ > 
[A;7 > 0], for all t G [0,1], then the horizontal foliation T qt is isotopic to 
J- qo [the vertical foliation J-- qt is isotopic to J~- qo \- In both cases the Katok's 
classification result holds since qt = qo in a neighborhood of the set S t = So of 
common zeroes (hence the isotopy is equal to the identity on a neighbourhood 
of So). By the isotopy invariance of the H~ s basic cohomology, the argu- 
ment can be reduced to the case T qt = T qn \T- qt = ^- qo \- Then, since the 
property that qt = qo in a neighbourhood of St = So implies that the dual 
Sobolev spaces of currents 7i~ s (M) = 7i~ s (M), by the definition (6.12') of 
basic currents of order s G N, it follows that 

(615>) B° qt (M) = B* qo (M) 

{ ' ' [B s _ qt (M)=B s _ qo (M)]. 

In fact, let tut, ojo be the (degenerate) area-forms induced, respectively, by the 
quadratic differentials qt, qo- There exists a function Wt : M — > R + such 
that Wt = 1 in a neighbourhood of So and ujt = WtUJQ. Hence, T qt = T qa 
\T- qt = F- qo ] implies S t = W^Sq [T t = W t _1 T ]. Then (6.15') follows by 
applying the definition (6.12'). By (6.15') and Definition 6.7 of the H~ s basic 
cohomologies, the statement is proved. □ 

6.3. A geometric estimate of the Poincare constant. The property of 
weighted Sobolev spaces which is the most relevant to the content of this 
paper is a geometric estimate of the Poincare constant (the constant in the 
Poincare inequality for the Dirichlet form of the metric induced by a quadratic 
differential). Let q G Q K . The Dirichlet form of the metric R q , introduced in 
[18, (2.6)], is defined as the hermitian form on the Hilbert space H q (M) given 
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by 

(6.16) Q(u,v) := (Su,Sv) q + (Tu,Tv) q . 

The following is a stronger version of [18, Lemma 2.2], which adds a crucial 
explicit geometric estimate of the constant. 

Lemma 6.9. There is a constant Kg )CT > such that the following holds. 
Let q 6 Q^p be the square of a holomorphic differential, ~E q be the (finite) set 
of its zeroes and let a := card(T, q ). Denote by \\q\\ the R q -length of the shortest 
geodesic segment with endpoints in T, q . Then, for any v G H q (M), 



(6.16') 



M 







Proof. It was shown in [18, §2] that many basic properties of the Laplace- 
Beltrami operator for a (non-degenerate) smooth Riemannian metric R on a 
compact surface hold for the Dirichlet form Q. In particular, since the Max- 
Min principle holds [18, Lemma 2.4], we have the following standard relation 
between the constant in the Poincare lemma and the first non-zero eigenvalue 
Ai of Q. Let C Hq(M) be the subspace of zero average functions. Then 

(6.17) min ^fi = X, , 

where the minimum is achieved at v = u±, where u\ is any eigenfunction with 
eigenvalue Ai. A standard lower estimate for the first non-zero eigenvalue is 
given, for smooth Riemannian metrics on compact manifolds, in terms of the 
Cheeger isoperimetric constant [9]. Cheeger's argument [9], [4, Chap. Ill, D.4] 
carries over without modifications to the case of the degenerate Riemannian 
metric R q . In fact, by [18, Th. 2.3 (iii)] all eigenfunctions of the Dirichlet form 
Q are smooth on M, including at T, q . In addition, the degenerate metric R q 
induces a well-defined smooth conformal structure on M, hence the key step of 
Cheeger's proof, the co-area formula [8, Th. 6.3], holds. Let h q be the Cheeger 
isoperimetric constant for the metric R q , 

L (T) 

V ; q min(volq(Mi),vol ? (M 2 )) 

where L q denotes the -Rg-length and the infimum is taken over all compact 
1-dimensional submanifolds T C M, dividing M into two submanifolds with 
boundary M 1 , M 2 such that dM 1 = dM 2 = T and M 1 U M 2 = M. Then the 
Cheeger inequality reads 

(6.18') X i>\ h l- 
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The final step consists in a lower estimate of h q . A 1-dimensional submanifold 
r C M is a finite union of simple closed curves. If T contains a closed curve 7 
non-homotopic to zero in M, and since vol ? (M) = 1, 

l (r) 

(fU9) unn^m^m) - Lq{l) - M ■ 

In fact, the shortest simple closed curve 7 freely homotopic to 7, which exists 
by [58, Th. 18.4], either contains singularities or it is a waist curve of an 
embedded flat cylinder. The boundary of the cylinder is then the union of 
a finite number of geodesic segments with endpoints in S ? . In either case 
Lqd) > L q {j) > \\q\\. If all simple closed curves in T are homotopic to zero, 
since by an elementary lemma due to S. T. Yau [73, (l)-(4)] the infimum in 
the definition (6.18) can be equivalently taken on T such that M±, M2 are 
connected, by the Jordan-Brouwer separation theorem, we can assume that T 
is reduced to a single simple closed smooth curve bounding a simply connected 
domain OcM. Let po 6 fi be any given point and consider the holomorphic 
map <& g : Q — > C given by 



(6.20) *,(p) := / q 



p 

1/2 



where q 1 / 2 is a holomorphic square root of q on fi. The map $ g is well-defined 
and holomorphic since Q is simply connected and q 1 ! 2 is a holomorphic differ- 
ential. By the open mapping theorem for holomorphic functions, $ g (f2) C C 
is an open set and $ g is a branched covering with at most 2g — 1 sheets 
by the Riemann-Hurwitz relation [13, 1.2.7]. Since, by definition, the metric 
R q = $>*(R e ), where R e is the Euclidean metric on C, 

( 6 21) Lq ^ > Le ( $ g( r )) > 2TT 1 ' 2 (2a - lW 2 

^' ' min(vol,(n),vol,(M\n)) ~ vol e ($ q {n)) - {y ' ' 

where the last inequality follows from the classical isoperimetric inequality for 
the Euclidean metric in R 2 , that is L 2 e {dD) > 47rvol e (Z?) if D C R 2 is any 
domain [8, §6.2], and from the estimate Yol e (^ q (Q)) = (2g — l)~ 1 vol q ( K Q) < 
(2ff — I) -1 - 

Let d q (M) := m&x.{d q (p, S ? ) | p G M} be the maximum i? g -distance of 
any point of M to a zero of q. Since \\q\\/2 < d q (M) and, by [45, Cor. 5.6], 
there exists a constant K' g a > (depending only on (g,<r)) such that either 
d q {M) < y/2/TT or dq(M) < K' g ^/\\q\\, the estimate (6.16') follows from (6.17), 
(6.18'), (6.19) and (6.21). □ 
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7. The structure of the space of basic currents of finite order 

The results we present below on the structure of the space of basic cur- 
rents and on the basic cohomology of measured foliations are derived from [18] 
and therefore do not depend on the previous sections of the paper (with the 
exception of §6.1 and §6.2). 

7.1. Basic currents with non-vanishing cohomology class. Let q 6 Q K , let 
E := Eg be finite set of its zeroes and T := T q be its horizontal foliation. 
A current C £ V'(M \ E) will be said to be of finite order s £ N if it can 
be extended to a continuous linear functional on the Sobolev space of forms 
Hf oc (M \ Eg). The space of basic currents of order s £ N of the measured 
foliation F\ M \x will be denoted by B S T (M \ E). The space B S T {M) := B s q {M) 
of basic currents of order s £ N for T = T q has been defined in Section 6.2. 



Let j's : Z'(M \ E) -> iJ : (M \ E,R) be the cohomology map (6.2) and let 
i^ s (M \E,R) :=j s (^(M\E)) Cff^M^R) , 
i^ s (M,M) := je(^(M)) C i^(M,R) , 



be the i7 s basic cohomologies of, respectively, J 7 |m\s an d -T 7 - We will prove 
the following: 

Theorem 7.1. There exists an integer I > 1 such that the following 
holds. Let qo £ Q K . For almost all q £ SO(2,R)(7o C Q K with respect to 
the (Haar) Lebesgue measure, the basic cohomologies of order s > I of the 
horizontal measured foliation T := T q satisfy the following identities: 

(i) H 1 /(M,R) = H^:={c£H\M,R)\cA[ V ^}=0} , 

(ii) H l ^ s (M \ E, R) = H X {M \ E,R) . 

The form rjjr ■= Q^g 1 / 2 ) is the closed 1-form determined by the measured fo- 
liation J 7 , hence the cohomology class [rj^] is the projection under the map 
ii^M, E;R) -► H l (M, R) of the Katok' 's fundamental class of T . 

Remark 7.1' . Let pbea probability measure on the moduli space 
with the property that the conditional measures induced by [i on the orbits 
of the circle group SO(2,R) are absolutely continuous. By Theorem 7.1 and 
Fubini's theorem, the identities (7.1') hold for ^-almost all q £ ■ The 
statement holds in particular if \i = ^ is the (unique) absolutely continuous 
Gt-invariant probability measure on ■ 

In [18, §4] 5-invariant distributions were constructed by the following 
method. Let m + £ be a meromorphic function in L? q (M) with poles at 
E := Eg, the set of zeroes of a quadratic differential q £ Q K . If U £ H~ S {M) 
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is a solution of the cohomological equation SU = m + in iI~ s_1 (M), then 
V = d q U G H~ s ~ l (M) is an S-invariant distribution on M. A refined version 
of this construction will enables us to detect the cohomology classes of basic 
currents corresponding to the S'-invariant distributions constructed. 

The spaces of all meromorphic, respectively anti-meromorphic, func- 
tions with poles at E := Eg is a subspace of S' q (M). In fact, a function 
m ± G can be regarded as a distribution in H~ S (M) if and only if at any 
point p G E the order of a pole of does not exceed k/2 + (&/2 + l)s, where 
& is the (even) order of zero of the quadratic differential q at p [18, §4]. The 
distributions defined by G A^s are given, for any function v 6 H q (M), by 
the formula 

(7.2) (m^jt;) := lim / m^vujq , 

e ~*° Jm\s £ 

where E e denotes the e-neighbourhood of the finite set E with respect to 
the geodesic distance. The distribution defined by (7.2) is called the prin- 
cipal value of (principal values of meromorphic and anti-meromorphic 
functions on the complex plane and the action of the Cauchy-Riemann op- 
erators on distributions are studied in [3, 3.6 & 3.8]). There exist isomor- 
phisms : — ► TC^(M) onto the spaces of meromorphic, respectively 
anti-meromorphic, differentials with poles at E: 

h q (m~) :=m~q 1 / 2 . 

In particular, maps the finite dimensional spaces M.^ of L q (M) mero- 
morphic, respectively anti-meromorphic, functions onto the spaces 7i^(M) of 
holomorphic, respectively anti-holomorphic, differentials on the Riemann sur- 
face M q . 

Let m + G M^, be a meromorphic function with poles at E. Let U G 
D'(M\E) be a distributional solution of the equation SU = -Sft(m+) in V'(M\ 
E). Let U* be the (unique) current of dimension 2 and degree such that 
U = U*uj q . The 1-current C G T>'(M \ E) uniquely determined by the identity 

(7.3) dU* = -ft/i+(m+) + C 

is basic for J r q \M\Y<- in fact, by (7.3), C is closed (since h q {m + ) is closed 
and dU* is exact) in D'(M \ E) and isC = 0, since SU = —$t(m + ). Then 
CsC = by (6.4). A short computation also shows that C = T>*r]s, where V 
is the quasi S'-invariant distribution given by V = — C A rjr = TU — 9(m + ). 
If h q h (m + ) is closed in S' q (M), which is the cases if m + G L q (M), and the 
equation SU = — !R(m + ) holds in S' q (M), then C G S' q (M) and it is basic for 
T q . By (7.3), the cohomology class [C] = $lh+(m + )] G ^(M \ E,R). 



fr+(m + ) ^m+g 1 / 2 , 
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It is a standard fact in the theory of Riemann surfaces, related to Hodge 
theory, that each cohomology class in H l (M q ,R) can be represented by a 
harmonic differential $t(h + ), where h + is a holomorphic differential on the 
Riemann surface M q [13, III. 2]. Moreover, it follows from the Riemann- Roch 
theorem [13, III. 4] that all cohomology classes in i7 1 (M (? \ £;R) can be rep- 
resented in the form where h + is a meromorphic differential with at 
most simple poles at S. The strategy of our argument will therefore be based 
on the construction of solutions to the cohomological equation SU = — 3ft (m + ) 
in T>'(M \ S) (in S' q {M)) for appropriate choices of a meromorphic function 
m + £ M^. The construction of basic currents depends therefore on the fol- 
lowing: 

Theorem 7.2 ([18, Th. 4.1]). There exists an integer r > 1 such that 
the following holds. Let qo £ Q K . For almost all q £ SO(2,IR)(/o C Q K with 
respect to the (Haar) Lebesgue measure, the cohomological equation Su = f 
has a distributional solution u 6 H~ r (M) for any given f £ H q ~ 1 (M) with 
f M fu q = 0. 

We would like to construct solutions of the equation SU = — 5R(to + ), as 
h q {m + ) varies over all possible meromorphic differentials on M with at most 
simple poles at S. Theorem 7.2 cannot be directly applied since $t(m + ) 
Hq(M). In the case of a smooth differential, which corresponds to the case 
that m + £ L q (M), the idea is to first solve the equation locally around S. 

Let p £ S be a zero of q of even order k. With respect to a canonical 
holomorphic coordinate z = x + iy at p, q(z) = z k dz 2 . By (6.11') we have: 

S Z = z' k l\Sz = z- k '\ 

(7.4) 

K ' Tz = iz- k ' 2 , Tz = -iz- k / 2 . 

By the identities (7.4), the equation SU = — 3ft(m + ) can be solved locally by 
expanding the meromorphic function m + £ L q (M) in Laurent series around 
each point p £ S. In fact, if a £ C Ljj(M), then has a pole of 
order at most k/2 at a zero p£ Eof order k. Hence, by (7.4), the local solution 
u^ 1 of the equation Su^ 1 = m^, constructed formally by Laurent expansion, is 
respectively holomorphic, anti-holomorphic. Let uq be the function obtained 
as an extension to M of the local solution of the equation SU = — 3?(m + ) by 
partition of unity. Then uo is smooth on M, hence uo £ H^(M), although 
uq H q (M), and Suq = — 3f?(m + ) in a neighbourhood of X. It follows that the 
function f\ := — 3ft(m + ) — Suq £ H q (M), for all s £ N. In fact, f\ is smooth 
and has compact support in M \ S. In order to apply Theorem 7.2 to the 
equation Su\ = f\ we have to impose the zero average condition: 

(7.5) [ 5ft(m + + Su ) to q = [ 3?/i+(m + ) A r] S = . 

JM JM 
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Under condition (7.5) Theorem 7.2 yields a solution u\ G H q r (M). Hence 
the distribution U = uq + u± G H~ r (M) is a solution of the equation SU = 
— in H q r ~ 1 (M) and the identity (7.3) determines a real J-g-basic cur- 
rent C G H~ r_1 (M), cohomolo gous to the harmonic form !R/i+(to + ). By this 
method, we can construct basic currents C G B 1 j^ 1 (M) representing any given 
cohomology class in the subspace {c G H l (M, R) | c A [r/jr] = 0}. In fact, such 
cohomology classes can be represented by smooth harmonic differentials on M, 
R/t+(m + ), m + G L q (M), satisfying the zero average condition (7.5). 

Conversely, it can be proved that if C G Bj?(M), then the zero average 
condition (7.5) holds. In fact, 

(7.5') [C] A [r,r] = C A Vs = t s C A u q = . 

Theorem 7.1(i) is therefore proved. 

In order to prove Theorem 7.1(h) we need a regularization result proved 
in [18, Lemma 4.3B]. The main idea is to express all distributions in the dual 
weighted Sobolev spaces, which vanish on constant functions, as sums of iter- 
ated Cauchy-Riemann derivatives of smooth functions. In [18, Prop. 4.6A] we 
described the kernels of the Cauchy-Riemann operators d^ s : H~ S+1 (M) — > 
H~ S {M) modulo distributions supported at S. From this perspective such 
kernels are given by all equivalence classes of, respectively, meromorphic and 
anti-meromorphic, functions in H q s+1 (M) modulo distributions supported at 
E. Such a conclusion follows immediately from the remark that d ± are Cauchy- 
Riemann operators in the standard sense on the open manifold M \ E; hence 
their distributional kernel is given by, respectively, all holomorphic and anti- 
holomorphic functions. We prove below a refined version of such a result: 

Lemma 7.3. Let d± s : H~ S+1 (M) -> H~ S (M), s > 1, denote the Cauchy- 
Riemann operators on dual weighted Sobolev spaces. The range R(d^ s ) C 
H~ S {M) of the Cauchy-Riemann operators is given by all distributions van- 
ishing on constant functions. The kernel N(d^ s ) C H~ S+1 (M) consists re- 
spectively of meromorphic, anti-meromorphic, functions in H~ q s+1 (M) which 
have no terms of the form z ^^ k / 2+l \ ^-^( fc / 2 + 1 ) ; £ g \ jo}, in the Laurent 
expansion with respect to the canonical holomorphic coordinate, at a zero of q 
of (even) order k G N \ {0}. 

Proof. Let $ G H q s (M). Then 

(7.6) (U,d ± v) := , for all v G H*(M) , 

defines a linear bounded functional on the (closed) range of the linear operator 
df : H s q (M) -► H s ~ l (M). In fact, the kernel of d ± on H s q (M) contains only 
constant functions [18, Prop. 4.3 A] and by hypothesis <I> vanishes on constant 
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functions. In addition, by Poincare's inequality (Lemma 6.9), 
(7.7) = |(<M)| < C\v\ 8 < Cs^v^-x . 

Finally, U extends by the Hahn-Banach theorem to a linear bounded functional 
on if| _1 (M), i.e. to a distribution U G H~ S+1 (M), which by construction 
satisfies the equation d^ s U = $ in H~ S (M). Hence the stated description of 
the range R(d^ s ) is proved (following [18, Prop. 4.6A]). 

Let U G H~ S+1 (M) be a solution of d ± U = 0. By the local properties of 
the Cauchy-Riemann operators on M\S, the restriction of U to M\S is a holo- 
morphic, respectively an anti-holomorphic, function. Since U G H~ s+l (M), 
it is a meromorphic, respectively an anti-meromorphic, function with poles of 
order at most k/2 + (k/2 + l)(s — 1) at any point p G £ where g has a zero of 
(even) order k. A local computation of d ± U at points of S concludes the proof. 
In fact, let p G E be a zero of order /c and let v a;j g be the Taylor coefficients 
of a smooth function v supported in a neighbourhood of p, with respect to 
the complex coordinates z, z, where z is the canonical coordinate for q at p 
(determined by the conditions q(z) = z k dz 2 and z(p) = 0). Since = S ± iT 
and the vector fields S, T are given by (7.4), with respect to the canonical 
coordinate, by applying Stokes theorem we get the following formulas: 



{d + (z~ n ), v)=- lim / z~ n d + vcv q = 27rv n _ k/2 _ lfi , 
(7.H) 

(d-(z~ n ),v) = - lim / z~ n d~VLj q = 2itVQ, n _ k/2 -i ■ 



' M\E e 

The reader can compare (7.8) with similar formulas for the non-singular situa- 
tion [3, §§3.6 & 3.8]. Since U G H~ S+1 (M) and it is meromorphic, respectively 
anti-meromorphic, it can have at p a pole of order at most fc/2+(fc/2+l)(s — 1). 
On the other hand, a smooth function v G H^{M) is not allowed to have an 
arbitrary Taylor series at p. In fact, v G H^(M) if and only if: 

(7.9) v a ,p / a + & > -k/2 + s(k/2 + 1) or a, (3 G Z • (ife/2 + 1) . 

By (7.8) and (7.9), if n - k/2 - 1 = (i - l)(fc/2 + 1), that is n = £(fc/2 + 1), 
^GN\{0}, 



(7.10) 



d+(z- n ) = 2Jj^(d-y- 1 5 p ^0, 
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where S p is the Dirac delta at p G S. If n < k/2 + (k/2 + l)(s — 1), z ra and 
z" n G H~ S+1 (M) locally and, since 5 p G H~ 2 (M) C H~ 2 (M), the identities 

(7.10) hold in H~ S (M). Such formulas can be compared with the analogous 
formulas for the derivatives of meromorphic and anti-meromorphic functions 
on the complex plane [3, Prop. 3.6.3]. 

We have therefore proved that, if n < k/2 + {k/2 + l)(s — 1) and n = 
£(k/2 + 1) for any I > 1, then meromorphic and anti-meromorphic functions, 
with a pole of order n at a zero of (even) order k of the orientable holomorphic 
quadratic differential q, do not belong to the kernel N(d^ s ) C H~ S+1 (M). On 
the other hand, if n + t{k/2 + 1), then d+{z- n ) = d-{z~ n ) = in H q ' s (M), 
by (7.8) and (7.9), since n-k/2-\< -k/2 + s(k/2 + 1). □ 

By Lemma 7.3, if T> £ H~ S (M) vanishes on constant functions, then there 
exist functions u^ 1 6 -^(-M") (which can be taken of zero average) such that 
(d^Yu^ = T>. It is not possible in general to have a similar statement with 
smoother than L 2 ,, since the operators : H^(M) — ► L^(M) have a non- 
trivial cokernel. However, the following result holds: 

Lemma 7.4. Let s > and r > 1. Then, any function v £ Hq(M) such 
that J M vuj q = can be (non-uniquely) represented as follows: 

(7.11) v= ^ (d + Y{d~) j Vij , where Vij eH^ +r (M). 

i+j=r 

The proof of this lemma is given in [18, Prop. 4.3A & Lemma 4.3B] and 
will be omitted. 

We can now prove a stronger version of Theorem 7.2: 

Corollary 7.5. There exists an integer r > 1 (given by Theorem 7.2) 
such that the following holds. Let qo G Q K . For almost all q G SO(2,IR)go C Q K 
with respect to the (Haar) Lebesgue measure, the cohomological equation 
SU = <E> has a distributional solution U G H q s ~ 2r+l (M) for any given $ G 
H~ S (M) vanishing on constant functions. 

Proof. Since $ vanishes on constant functions, by iterated application of 
Lemma 7.3, there exists a zero average function / G L 2 (M) such that 

(7.12) (d + ) s f = $ . 

Then, by applying Lemma 7.4, with s = 0, to the function /, there exist zero 
average functions G Hq~ 1 (M) such that 



(7.13) 



$ = (d + yf= Yl (d + Y +s (d-y f tJ 

i+j=r—l 
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By Theorem 7.2, it is possible to find distributional solutions Uij E H q r (M) 
of the equations SUjj = fy. Then 

(7.14) U:= (. d+ ) i+a (. d ~YUij G H- 2r - s+1 (M) 

i+j=r—l 

is a distributional solution of the equation SU = <I> in H q 2r ~ s (M). □ 

All cohomology classes c G H l (M \ E,R) can be represented by the real part 
of a meromorphic differential /i + with at most simple poles at E. In fact, by 
the Riemann-Roch theorem [13, III. 4. 8] the complex dimension of the space of 
meromorphic differentials with at most simple poles at E is equal to 2g + a—l, 
where a := card(E), hence it is equal to the dimension of the cohomology 
H 1 (M\H,C). If h + has at most simple poles at E, then h + = h+(m + ), where 
m + E My, has a pole of order at most k/2 + 1 at any zero of q of order k. We 
would like to construct a solution in P'(M\E) of the equation SU = — 5?(to + ). 
If K(m + ) does not vanish on constant functions, then no solution of finite 
order U E H q s {M) exists. In fact, if U E H q s (M), then SU E H q s - l {M) 
vanishes on constant functions. In order to bypass this difficulty, we construct 
a distributional solution of the modified equation SU = — $l(m + )+5, where 5 is 
a (Dirac) distribution supported on E with the property that the distribution 
<I> := — + 5 6 H~ 2 (M) vanishes on constant functions. The existence 
of a solution U G H~ 2r ~ 1 (M) is given by Corollary 7.5. Since U is a solution 
of the modified equation SU = — $l(m + ) + 5 in H~ 2r ~ 2 (M) and <5 is supported 
on E, the distribution £7 solves the equation SU = — 3ft(m + ) in V'(M \ E). Let 
C G TL~ 2r ~ 2 {M) be the currents obtained from U by the identity (7.3). By 
construction of U and (7.3), C G £>J-(M \ E), s > 2r + 2, and the cohomology 
class [C] = [$t{h+)} e H 1 (M\ E,R). Theorem 7.1(h) is therefore proved and 
the proof of Theorem 7.1 is completed. 

7.2. Basic currents with vanishing cohomology class. Let I? be a quasi 
S'-invariant distribution and let P* be the current of dimension 2 (and degree 0) 
corresponding to T> under the isomorphism induced by iv q . Then C := dT>* E 
£^(M\E). In fact, 

i s dV* = £ S V* = , 

(7.15) 

V ; C s dV * = di s dV * = 

in P'(M\E). Moreover, by its definition as a differential, C has vanishing coho- 
mology class. If V is S- invariant, then (7.15) holds in S' q {M) and C E Bj^(M). 
It follows that the dimension of the vector space of basic currents with vanish- 
ing cohomology class is (at least) countable. In fact, it is possible to generate 
a sequence of linearly independent basic currents by iteration of the construc- 
tion just explained. In other terms, if V is any (quasi) 5-invariant distribution, 
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then {T e V}, leN, is a sequence of linearly independent (quasi) S'-invariant 
distributions. We prove below that this procedure generates all basic currents 
for Tm\t. [f° r F\ (hence all quasi S'-invariant [S-invariant] distributions) of 
finite order. 

Lemma 7.6. Let C be any real current of order s £ N, dimension (and 
degree) equal to 1, closed in D'(M\T I ). Then there exist a current U* of order 
s — 1, dimension 2 (and degree 0) and a meromorphic differential h + , with at 
most simple poles at S, such that 

(7.16) dU* = + C 

in T>'(M \ £). If C £ 7i q s (M) is closed in S'JM), then there exist a current 
U* € H q s+1 (M) and a differential h + , holomorphic on M q , such that (7.16) 
holds in H q s (M). 

Proof. If C is closed in D'(M \ £), since, by the Riemann-Roch theorem 
[13, III. 4], any cohomology class in H 1 (M \T,;M.) can be represented as 5ft(/i + ), 
where h + is a meromorphic differential with at most simple poles at S, it 
follows from [11, §15, Th. 12] that there exists a current U* € V(M \ S) of 
dimension 2 (and degree 0) such that (7.16) holds in V'(M \ £). In addition, 
if C is of order s 6 N, then U* is of order s — 1 by (7.16). 

If C G Ti~ s (M) is closed in S' q (M), we cannot immediately deduce our 
statement from the standard de Rham theory. Instead, we argue as follows. 
Let z be the canonical coordinate at a zero p £ S of (even) order k and let 
7r : Up — » Dp be the local covering map defined by k p (z) := z k / 2+l /(k/2 + 1) 
on a neighbourhood of p £ M onto a neighbourhood D p C C of the origin. 
The push-forward (n p )*(C) £ V(D P ) is well-defined (see [11, Chap. Ill, §11] 
or [56, Chap. IX, §4]) and closed, hence exact. There exists therefore a current 
V p £ V'(Dp) such that dV p = (tt p )*(C). By the definition of the distributional 
space S' q (M), the pull-back tt*(V p ) is also (locally) defined as a current in 
S' q (M) over U p . In fact, a form a £ ft q (M), locally over U p , if and only if 
a = ir*(\ p ), where X p is a (unique) smooth 2-form on D p . Then, by definition, 
Tr*(Vp)(a) := Vp(Xp). A computation shows that dn*(Vp) = C in S' q (M), locally 
over Up. Let {Up}, p £ S, be a finite family of disjoint open sets and, for each 
p £ S, let Up CC Up be a relatively compact open subset such that p £U' p . Let 
E/p £ S' q (M) be a current such that U* = 7r*(V p ) in Up and c7^ = in M \ U p . 
Then the current of dimension 2 (and degree 0) 

(7.17) US := Y, U; £ S' q (M) 

pes 

is such that C — dU^ £ S' q (M) has compact support in M\S and can therefore 
be extended to a current in V'(M). In addition, since C is closed and dUg 
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is exact in S' q (M), by Lemma 6.2 the cohomology class [C — cLUq] = [C] £ 
H l (M, R). By [11, §15, Th. 12] and by the standard representation theorem 
of cohomology classes on a Riemann surface [13, III. 2], there exists a current 
U* £ V(M) and a differential holomorphic on M q , such that 

(7.17') dUl = -5ft(/i + ) + C- dU^ 

in V'{M). Let := C/ * + E/f e S£(M). By (7.17'), the identity (7.16) holds 
in S' q (M). Since C £ TC q s (M), is smooth on M and ft* is dense in 

H 8 q {M), it follows that dU* £ W~ S (M). Hence U* £ H q s+1 (M), and (7.16) 
holds in H q s {M). □ 

Let J- := T q be the horizontal foliation and E := E g be the set of zeroes 
of a quadratic differential q £ Q K . We have: 

Theorem 7.7. Let B S T {M \ E) [^(M)] 6e i/ie vector space o/ a// rea/ 
fraszc currents of order s £ N /or ^Ijwae [/or J 7 ]. There exist exact sequences 

^ R ^ fiJr^MV £) -^£|r(M\E) ffJ? s (M \ £;R) , 
-► R -► fi^T 1 (M) -► 6^(M) -► (M, R) . 

Proo/. Let <5 S : £^ _1 (M \ E) -»• B s -p{M \ E) be the map defined as follows: 
(7.18') <J a (C) := d*7£ , := -C A r/ T . 

The map (7.18') is well-defined. In fact, if C £ B S T X (M \ E) [C £ B 9 f\M)\, 
then Os(C) is by definition closed in V'(M \ E) [in H q s (M)). Moreover, by 
Lemma 6.5, Uc = —CAt]t is a quasi S'-invariant [an S- invariant] distribution 
of order s - 1, hence i s dU c = C S U C = 0. It follows by (6.4) that 5 S {C) £ 
Z^(M\E) [S S (C) £ Bjr(M)]. 

The image under S s of B S ~ 1 {M \ E) [of B S ~ X {M)\ consists of all basic 
currents C s £ B S T (M \ E) [C s £ B^(M)] with vanishing cohomology class. In 
fact, by Lemma 7.6, if C s has vanishing cohomology class, then there exists a 
distribution U c of order s - 1 such that dU c = C s in V(M \ E) [in H q s {M)}. 
Since C s is a basic current, 

(7.19) £ 5 £/£ = i s {dU* c ) = i s C s = 

in P'(M\E) [in if~ s (M)]. It follows that £/c is a quasi S'-invariant distribution 
[an S-invariant distribution] of order s — 1, hence there exists a current C 5 ^ 1 € 
B S jT 1 (M \ E) [C*- 1 G B^T 1 (M)] such that U c = -C 5 " 1 A r, T . By (7.18'), 
C s = < 5 S (C S - 1 ). 

The kernel of S s is given by the one-dimensional space R ■ 775, i.e. by 
all basic currents which are scalar multiples of the closed 1-form rjs- In 
fact, if 5 S (C) = 0, then the distribution Uc '■= —C A rjr £ R ■ w g . Since 
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C e B S T X {M \ E) [C € BJT^M)], it follows that C = zs£/ c in P'(M \ E) 
[in 7i- s+1 (M)], and hence C € R • 775. Let tJ r : R -► B r (M \ E) be the linear 
map given by ^^•(l) := rjs- We have proved that the following sequences are 
exact: 



(7.20) 

The cohomology maps 



- R-^B^M \ S)- V H^(M \ E)—. H^ S (M \ E; 
0^R^B-i(M)^ r ^(M)- r ^ s (M,R) . 



*£(Jlf\E)-^flJ?'(M\E), 
7.20' JE -, 

are surjective by definition. □ 



8. The non-uniform hyperbolicity of the Kontsevich-Zorich cocycle 
and an application to currents 

In Section 8.1 we will describe the invariant unstable and stable sub- 
bundles of the Kontsevich-Zorich cocycle in terms of the basic cohomology 
of the horizontal and vertical foliations of orientable quadratic differentials. 
This result is independent of the proof of the non-uniform hyperbolicity of the 
cocycle, concluded in Section 8.2. We then derive in Section 8.3 an Oseledec- 
type theorem for the cocycle G\ on the bundle Z\{M) of closed currents of 
order 1, introduced in Section 8.1. 

8.1. The stable and unstable sub-bundles of the Kontsevich-Zorich cocycle 
as bundles of basic currents. In Section 7, we have obtained results on the 
H~ s basic cohomology of measured foliations for s 3> 1. The stable and 
unstable sub-bundles of the Kontsevich-Zorich cocycle are related to the basic 
cohomology in the case s = 1. 

Let H~ l (M) := Q$ x H~ 1 (M)/T g , where the action of the mapping class 
group T g on the product is defined by pull-back on both factors. The mapping 
class group is a quotient of the group of orientation-preserving diffeomorphisms 
and the action of a diffeomorphism on currents by pull-back is described in [11, 
Chap. Ill, §11] or [56, Chap. IX, §5]. The bundle H~ l (M) is the bundle of all 
distributions of order 1 on M over the stratum Ai^ of the moduli space. We 
introduce a cocycle G®, over the Teichmiiller geodesic flow Gt, defined on the 
Hilbert bundle H~ l (M): 

(8.1) G° t := (G t x id)/r s on H~\M) := (Q« x H~\M))/T g . 
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We also introduce a cocycle G% over the Teichmiiller flow, denned on the Hilbert 
bundle H~ 1 (M) of H" 1 currents over the stratum M$ . The fiber of the pull- 
back of the bundle 7i~ 1 (M) to the stratum Q$ of the Teichmiiller space will 
be isomorphic by definition to the vector space TLq l (M) at any q £ ■ 
Since the weighted Sobolev space of 1-forms Hi(M) can be identified, by its 
definition (6.12), with the tensor product R 2 ® iJ^M), the dual space H~ l {M) 
can be identified with the tensor product R 2 <g> H~ 1 (M). Let 

(8.2) G% := diag(e _t , e*) ® G? on H~ X {M) ■= R 2 H~ 1 (M) . 

The cocycle G£ can be described as the cocycle obtained by parallel transport 
of currents, with respect to the trivial connection, along the orbits of the 
Teichmiiller flow. In fact, by the formulas (2.7) describing the Teichmiiller 
flow Gt on Q$\ we have: 

(8.2') G c t \H-\M) = id : H~\M) -+ H G ] {q) {M) . 

Let Z\(M) C W~ 1 (M) be the infinite-dimensional sub-bundle over with 
fiber at q € M.^ given by the vector space of closed currents of order 1: 

(8.3) Z\{M):=Z' q (M)nH-\M) . 

The sub-bundle Z\(M) is Gf-invariant and the cocycle induced by G\ on the 
H^ 1 de Rham cohomology bundle is isomorphic to the Kontsevich-Zorich co- 
cycle. The latter is the essential motivation for the formulas (8.1) and (8.2) 
which define, respectively, the cocycles G® and G\. Let 

(8.3') j K :Z l K (M)^H l K (M,R) 

be the natural bundle map, given fiber- wise by (6.2'), onto the cohomology 
bundle Hl(M,R) (defined in §1). 

Let B\ ±(M) C Z l K (M) be the sub-bundles with fiber at q £ M$ given by 
the vector spaces B± q (M) of J^g-basic currents of order 1, defined by (6.12'). 
Let 

(8.4) Bl{M):=B\ + {M)+B\_(M) . 

Lemma 8.1. Let li be any Borel probability ergodic invariant measure for 
the Teichmiiller flow on a stratum Mk , with the property that the conditional 
measures induced by \x on the orbits of the action of the circle group S(2,R) on 
are absolutely continuous with respect to the (Haar) Lebesgue measure. 

(1) The identity j K o G c t = G? z o j K holds on Z\(M). 

(2) The sub-bundles B*±(M) C Z' K (M) are G^-invariant, fi-measurable and 
have fx- almost everywhere constant (finite) rank. 
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(3) The cocycle G\ has /jl- almost everywhere strictly positive [strictly negative] 
Lyapunov spectrum on the invariant sub-bundle B\ + {M) \B\ {M)\. 

(4) The splitting (8.4) is direct and the restriction of the map j K to the sub- 
bundle B\{M) is fi- almost everywhere injective. 

Proof. (1) It can be directly derived from the definition of the cocycles 
Gf z , G% and of the cohomology map j K . 

(2) The Gf-invariance of the sub-bundles B\ ± {M) follows immediately 
from the definitions. We will write down in detail the proof of the measura- 
bility of the bundle B\ + {M). In fact, since B\{M) = Bb JM), where the 

diffeomorphism r : M.^ — > Ai^ is given by the action of the counterclock- 
wise rotation of a right angle, the measurability of B\ _(M) then follows. By 
Lemma 6.6, the measurability of B\ + (M) can be reduced to the measurability 

of the bundle T\{M) with fiber at q G M$ given by the vector space Ig(M) 
of 5- invariant distributions of order 1. Let 

(8.5) flJ(S) := {Sv | v G H 2 q (M)} C H\M) . 

We claim that any qo G M$ has a neighborhood Uq such that the following 
holds. There exists a basis V(q) := {vk(q)}, k G N, of the vector space H^{M) 
with the property that, for all k G N, the mappings q — ► Svk(q) G H (M) 
are continuous on Uq. In fact, there exists a neighbourhood Uq of qo in the 
space of quadratic differentials with the prescribed pattern of zeroes, endowed 
with the smooth topology, such that the following holds. Let S be the set of 
zeroes of qo. There exists on U$ a continuous mapping q — > cj) g G Diff^(M) 
such that the set of zeroes of the quadratic differential q := <p*Aq) coincides 
with So and q = qo in a neighbourhood of So- By definition, the quadratic 
differentials q and q yield the same point in Teichmiiller space. The weighted 
Sobolev spaces H~(M) = H* o (M) (although they do not coincide as Hilbert 
spaces). Let Vo := {vt}, k G N, be any basis of H^ Q (M) and let V(q) := 
{vk(q)}, where Vk(q) '■= o (p^ 1 , for all k G N. Then V(q) is a basis of 
Hg(M) and the mappings q — > Svk(q) G ff 1 (M) are continuous on t/o- Let 

:= ^o/Diff + (-^) C A'il 1 ^. The claim is therefore proved. 
Let vo = 1 in the choice of the basis uq. Let then W(q) = {wk{q)} be 
the orthonormal system in the Hilbert space H^{M) constructed by apply- 
ing the Gram-Schmidt orthonormalization procedure to the system {Svk \ k G 
N\ {0}} C R](S). The system W(q) is well-defined at all q G U such that T q 
is quasi-minimal, since in that case the system {Svt \ k G N \ {0}} is linearly 
independent. The subset of quadratic differentials with quasi-minimal horizon- 
tal foliation has full measure with respect to any Borel measure [i with purely 
continuous conditional measures on ^-almost every orbit of the circle group. 
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In fact, for any given q, the subset of the orbit SO(2,R) • q of the circle qroup 
with non-quasi-minimal horizontal foliation is countable as a consequence of 
the structure theorem for measured foliations (or area-preserving vector fields) 
on closed orientable surfaces [29], [77], [47, Th. 3.1.7]. It follows that W(q) 
is well-defined and the maps q — ► w k {q) G H 1 (M) are continuous /x-almost 
everywhere. The orthogonal projection ir q : H q (M) — ► Rg(S) ± , can be written 
as 

oo 

(8.6) * q (v)=v-Y i (v,w k (q)) 1 w k (q) , v G H\M) , 

fc=i 

where (-,-)i i s the inner product in H q (M). The subspace Rg(S) ± depends 
measurably on q G Z^o> since by (8.6) the orthogonal projection ir q does. The 
space of continuous linear functionals on H 1 (M) vanishing on the closure of the 
subspace is by definition the space 2* (M) of 5-invariant distributions of 

order 1. Since, by Lemma 6.4, the vector space B q (M) is canonically identified 
with I q (M), the map q — ► B q (M) is /U-measurable. 

The almost everywhere finite dimensionality of 2?± (M) is a consequence 
of the injectivity of the cohomology map j q : /^^(M) — ► H 1 (M 1 R). By The- 
orem 7.7, if C+ G B£(M) [C- G Bi 9 (M)] and j (? (0 ± ) = 0, then there exists 
U ± G L q (M) such that SU+ = [T[/~ = 0] and dU* = C ± . Since, by [35, 

Th. 2], [.F-g] is ergodic for ^-almost all q G it follows that j q (C ± ) = 

implies C 1 * 1 = ^-almost everywhere. Moreover, the dimension of B±JM) is 
//-almost everywhere constant by its invariance under the Teichmiiller flow Gt 
and the ergodicity of the system (Gt,(i). 

(3) The argument is based on the construction of appropriate infinitesimal 
Lyapunov functions in the sense of [31]. Let q G Mk \ C± G B l ±q (M). Let 
V ± G H q 1 (M), U ± G L q (M) and A ± G R be defined as follows: 

C + A7] T :=V + = dtU + + A + , U + L M+ , 

(8.7) 9 9 

where ^l 1 * 1 = 2 ,± (1) and G L 2 (M) are uniquely determined by the or- 
thogonality conditions to the kernels M* C L 2 (M) of the Cauchy-Riemann 
operators (consisting of meromorphic, respectively anti-meromorphic, func- 
tions). The existence of the functions U* G L q (M) is given by the existence 
of distributional solutions of the equations d ± U = V whenever V G H~ 1 (M) 
and D(l) = (Lemma 7.3 or [18, Prop. 4.6A]). Let £± : B l K ± -> R be the 
non-negative functions defined by 

(8.7') CfiC*) -.= 111*11 + (A*) 2 . 

Since the right-hand side of (8.7') is invariant under the action of the mapping 
class group F g , it defines a function on the measurable bundle B\ ±(M). The 
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functions £^ are measurable, since they extend to continuous functions on the 
smooth bundle H~ l {M) with fiber H q l {M) at all q G and B\±(M) are 

measurable sub-bundles by (2). In addition, Cf(-) are continuous functions, 
homogeneous of degree 2 on each fiber and strictly positive on all non-zero 
C ± G B\ q {M). We claim that the function £+ [C~] is strictly increasing 
[decreasing] along the forward orbits of the cocycle G% if the horizontal foliation 
T q [the vertical foliation T- q \ is quasi- minimal. 

By the formulas (2.7), (2.7'), which describe the evolution of a quadratic 
differential q and of the corresponding Cauchy-Riemann operators df under 

the Teichmiiller flow G% on \ cind. by the definition of Gf-, we have: 

V+ = C + /\ m {t)=e t C + /\ m = e t V+ , 
1 ' V- = C~ A 775 (*) = e"* C- A r/5 = e"* 2? " . 

Let q t := G t (g) and Mf := N(df) C L^(M), where df = df at q = q t . Let 
Vf 1 6 L q (M) be the unique solutions of the equations 

(8.9) p ± = a t ± v t ± + ^±, V*±A4f. 

We have 

(8.10) Pf = e^ltf = e ±t {^ t ^ t ± + A±} = dfuf + Af , 

where Xjf := e ±l V^ and Af := Vf{\). It follows finally from (8.7)-(8.10) 
that 

(8.11) £± o GftC*) = e ±2t {|y±|§ + (^4q ) 2 } • 

Let itf : L q (M) — > A4f be the orthogonal projections. We claim that V^* 1 
is a solution of the following O.D.E. in L q (M): 

ut = dtvf + K?{ut) , 
(8 ' 12) ±ut = t?v?-M?{vt), 

where := Mf, at g = qt, and Mf 1 : L q (M) — ► A4f is the linear operator 
defined as follows. Let {mf,... , mf} be an orthonormal basis of Mf C 
Lg(M). Let mf = c^ff + 7r^(mf ) be the decompositions of the functions mf 
according to the splitting (2.3). Then 

(8.12') M g h (u):=j2^d ± vf)qmf . 

i=l 

The equation (8.12) yields, as (2.12), an O.D.E. of the form u' = F(u,t) in the 
Banach space L q {M). In fact, its first line is just the Hilbert space orthogonal 
decomposition according to the splitting (2.3). Hence F(t,u) is smooth and 
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linear in the second variable. By the standard theorems on O.D.E.'s in Banach 
spaces [40, Chap. IV] the Cauchy problem for (8.12) has (locally) a unique 
solution for any initial data. 

By the variational formulas (2.10) for the Cauchy- Riemann operators, 
any solution uf of (8.12) satisfies the identity ^(dfuf) = (no matter how 
the operator is defined) and, by the choice (8.12') of Mjf, uf _L M.f . 
It follows that Vf 1 is the unique solution uf of (8.12) satisfying the initial 



condition u Q = V 



± - V ± 

Let uf be any solution of (8.12). Since uf _L M.f, by (2.3) there exists 
a unique zero average function wf G iJ-'-(M) such that uf = dfwf. We 
claim that, if dfuf is a real-valued distribution, then wf is real-valued for all 
tel. In fact, dfuf = dfuf, which is real- valued, and dfuf = A t wf, where 
At := dfdt is the Laplace operator of the metric Rt induced by the quadratic 
differential qt = Gt(q). Since the Laplacian is a real operator, it suffices to 
show that, for any q G Q^k \ the unique zero average solution u>o £ H^{M) 
of the equation A q wo = is wq = 0- In fact, |<9+u;o|o = -(A^wo,^) = 0, 
hence u>o is a meromorphic function in H^(M), that is, by [18, Prop. 3.2], a 
constant function. The zero average condition then implies wq = 0. We can 
then compute: 

^Itiflg =2K{uf,juf) q = m{dfwf,dfvf) q 

(8 .13) =2^ (dfwf, dfvf) q = 2K (dfwf, dfwf) q 

=2K{\S t wf\l - \T t wf\l ± 2i(S t wf,T t wf) q } 
=2{2\S t wf\ 2 - \uf\ 2 } = 2{\uf\ 2 - 2\T t wf\ 2 } . 

We have exploited the fact that, since wf is real-valued, (Stwf,T t wf) q € M.. 
In addition, if dfuo / and T q \T- q \ is quasi-minimal; then Stwf / 
[T t wf / 0]. In fact, otherwise, by the quasi-minimality property, wf = 
hence ut = and d ± uf = dfuf = 0. 

Since the functions Vf 1 satisfy (8.12), we have by (8.11) and (8.13): 

o Gt{C + ) = e 2t {A\S t wf\l + 2«) 2 } > , 

(8.13') <J 

-£- o G c t (C-) = -e- 2t {A\T t Wt\ 2 + 2(A ) 2 } < . 

We have therefore constructed an infinitesimal Lyapunov function C + [C~] 
on the finite-dimensional measurable bundle B\ + {M) [B\ _(M)\, strictly in- 
creasing [decreasing] along the Teichmiiller orbit Gt(q), for all q G with 
quasi-minimal horizontal [vertical] foliation. The set of q G M$ with quasi- 
minimal horizontal and vertical foliations has full //-measure. In fact, by the 
structure theorem for measured foliations (or area-preserving vector fields) on 
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closed orientable surfaces, for any orbit of the circle group on M$ the sub- 
set of quadratic differentials q with non-quasi-minimal horizontal or vertical 
foliation is countable [29], [77], [47, Th. 3.1.7]. Since, by the definition (8.7'), 
£ ± (C ± ) > if C± G B\ ± \ {0}, by [31, Th. 2.1], the Lyapunov exponents of 
the cocycle G\ restricted to the invariant bundle B\ + (M) [B\_(M)\ are all 
strictly positive [strictly negative] //-almost everywhere. 

(4) Let q G M.^ be a quadratic differential with quasi-minimal horizontal 
and vertical foliations. Let C ± G B± q (M) be such that j q (C + + C~) = 0. 
Then the cohomology class c = j q (C + ) = —j q (C~) G i7 1 (M g ,M) belongs 
by (1) and (3) to both the stable and the unstable invariant bundle of the 
Kontsevich-Zorich cocycle, hence c = 0. By the injectivity of the cohomology 
map j K on B\ ±(M) (proved above), it follows that C + = C~ = 0. We have 
therefore proved that B q (M) n Bh q (M) = {0} and that j K is injective on 

B\{M) © Bl q (M), for //-almost all q G . □ 

By Lemma 8.1 every cohomology class c G H l (M q ,R), which can be 
represented by a current of order 1, basic for the horizontal [vertical] foliation 
of a 'generic' quadratic differential q G Ai^k \ belongs to the unstable [stable] 
invariant sub-bundle of the Kontsevich-Zorich cocycle. In the remaining part 
of this section we will prove the converse statement. The argument is based on 
the geometric estimate of the Poincare constant obtained in Lemma 6.9 and 
on the logarithmic law for geodesies in the moduli space due to H. Masur [44]. 

Let E+[E~] C ^(M^M) be the (La grangian) subspaces corresponding 
to the subset of strictly positive [strictly negative] Lyapunov exponents in 
the Oseledec's decomposition of the Kontsevich-Zorich cocycle at an Oseledec 
regular point q G . By Oseledec's theorem [49], [32, Th. S.2.9] the set 
of regular points has full measure with respect to any ergodic Gt-invariant 
measure fi on M$ ■ 

Lemma 8.2. Let ji be any ergodic Gt-invariant measure with the property 
that the conditional measures induced by ji on the orbits of the circle action 
are absolutely continuous. For n- almost all q G every cohomology class 

c^ G can be represented by a current G B± q (M). In addition, the fol- 
lowing estimates holds. There exists a fi-measurable function K : — ► U + 
such that, if c G E q © E~ has the harmonic representation c = [3? (m + q 1 / 2 )], 
m + G M q , then for a unique current C G B\ q (M) © 2?L ? (M) and a unique 
zero average function U G L q (M) we have: 

dU = C -»(mV /2 ) , 
\U\ Q < K(q)\\c\\ q , 

where \c\ q is the Hodge norm of c G H l (M q , R). 
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Proof. Let q G .M^ be a regular point of the Kontsevich-Zorich cocy- 
cle, c = c+(m + ) G where m + G .M + is a meromorphic function and 

c+ : M+ — »■ H l (M, M.) is the isomorphism given by (2.4). By (2.5) the Hodge 

norm ||c|| g = |m- + |o- Let q := Gf z (c) = ^t{mf q\^ 2 )], where mf G Mf, the 
space of meromorphic functions with respect to the complex structure deter- 
mined by the quadratic differential qt = Gt(q). Since the l? q norm is invariant 
under the Teichmiiller flow, there exist a /U-measurable function K\{q) > and 
an exponent < A < 1 such that, if c G [c G E~], 



3.15) 



ii<?t 



\m+\ < Ki{q)\m + \o exp(-A|i|) , t < [t > 0] . 



Let Ut G Lg(M) be the unique function with zero average satisfying 



(8.16) 



dU t = ct - c = K {mtq]' 2 ) - 5ft (mV /2 ) 



By (2.12), (2.13) there exists a smooth one-parameter family of functions 
vt G // 1 (M) such that the function Ut satisfies the following Cauchy prob- 
lem in L 2 q (M): 

(8.16') 



d_ 

dt 



U t = 2St(vt) , 
Un = 0. 



If vt is chosen with zero average, since by definition the Dirichlet form Q(v, v) = 
|<9^u|g for any orientable quadratic differential, by the Poincare inequality 
(Lemma 6.9) and by the orthogonality of the decomposition in the first line of 
(2.12), 



3.17) 



No 



< KgA<lt\ 1 \dt~v t \o < K 9t(T \\q t \\ 1 \mf\ 



where \\qt\\ denotes the length of the shortest segment with endpoints in the 
set of zeroes of the quadratic differential qt with respect to the induced metric. 
By (8.16') and (8.17), there exists a measurable function K2(q) > such that, 
if ceE+ [c€E~], 



(8.18) 



d_ 

dt 



< 2Ho < K 2 (q) |m+| \qt\~ 1 exp(-A|t|) , t < [t > 0] 



Since Uq = 0, by Minkowski's integral inequality, (8.18) implies the following 
estimate: 



3.18') 



\U t \o < K 2 (q)\m + \ 



Is II 1 ds 



t < [t > 0] 



We claim that the integral in (8.18') converges as t —> — oo [t — > +oo]. In [44] 
H. Masur proved a logarithmic law for the Teichmiiller geodesic flow on the 
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moduli space. The following estimate is the simplest step of Masur's argument 
[44, Prop. 1.2]: 

(8.19) limsup ~ l0g||gtl1 < I , 

V ' ^±oo F log |t| " 2 

The statement holds for //-almost all quadratic differentials q G Mk ■ It follows 
that our claim concerning (8.18') holds //-almost everywhere. An alternative 
proof of the //-almost everywhere convergence of the integral in (8.18') can be 
derived from a recent result of A. Eskin and H. Masur [12, Lemma 5.4], which 
strengthens a previous result by W. Veech [68, Th. 0.2], [69, Corollary 2.8], by 
applying integration by parts and Birkhoff's ergodic theorem. By (8.18') and 

(8.19) , there exists a //-measurable function K^(q) > such that, if c G 

(8.20) \U t \o < K 3 (q)\\c\\ q , t < [* > 0] . 

Let U G Lg(M) be any weak limit of Ut as t — > — oo [t — > +oo], which exists by 
(8.20) since all bounded subsets of the Hilbert space L q (M) are sequentially 
weakly compact. By contraction in (8.16), 

SU t = -5ft (m+) + e*5R(m t + ) , t<0, 

(8.21) 

[TU t = 9 (m + ) - e~* 9 (m+) , t > 0] , 
then by taking the limit as t — > — oo [t — > +oo], 

SU = -K(m + ) , 

(8.21') 

[TfJ = 9 (m+)] . 

The identities (8.21') hold in the distributional space H~ l {M). It follows that 
the current C G H a _1 (M) determined by the identity 



(8.22) dU = C - 5ft(mV /2 ) 

is a basic current of order 1 for the horizontal foliation T q [for the vertical 
foliation J~- q ], representing the cohomology class c G [c G i^]- In fact, by 
(8.21') and its definition (8.22), the current C is closed and isC = [itC = 0]. 
Hence, by (6.4), CsC = [CtC = 0]. If the horizontal foliation T q [the vertical 
foliation T- q \ is ergodic (a property which holds for //-almost all q G M.^ [35, 
Th. 2]) the limit function U G Lg(M) is uniquely determined by (8.21') and 
by the zero average condition. In addition, by (8.20), U satisfies the estimate 
in (8.14). 
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is surjective and the estimate (8.14) holds, for ^-almost all q G M. K . The map 
(8.23) was proved to be ^-almost everywhere injective in Lemma 8.1, (4). □ 

Remark 8.2'. Lemma 8.2 can be viewed as a regularity result. In fact, 
by Theorem 7.1(z), for almost all q G Ai^k \ every cohomology class c G H q := 
{c G i7 1 (M q ,M)|cA [9(^ 1/2 )] = 0}, can be represented by a basic current 
C G B q (M) of finite order I > 1. The subspace i? g has codimension 1, hence it 
has dimension 2g — 1. By Lemma 8.2 and Theorem 8.5 below, if c belongs to 
a Lagrangian subspace C H q (which has dimension equal to g > 2), then 
(7 actually has order 1. 

We can finally derive from Lemma 8.1 and Lemma 8.2 the following charac- 
terization of the invariant unstable [stable] bundle [E~] of the Kontsevich- 
Zorich cocycle on any stratum . 

Theorem 8.3. Let jjl be any ergodic Gt-invariant Borel probability mea- 
sure on with the property that the conditional measures induced on the 
orbits of the circle action are absolutely continuous. The invariant unstable 
[stable] sub-bundle of the Kontsevich-Zorich cocycle coincides ^-almost every- 
where with the bundle of H~ l basic cohomologies for the horizontal [vertical] 
foliation of quadratic differentials: 



Theorem 8.3 implies that the unstable subspace E+ [the stable subspace 
E~] depends locally only on the fundamental class of the horizontal measured 
foliation T q [of the vertical measured foliation J-— q ], a property conjectured in 
[38, Th. p. 8, (3)]. In fact, by Lemma 6.8 and Theorem 8.3, we have: 

Corollary 8.3'. For almost all (regular) points qo G of the Kont- 

sevich-Zorich coycle, there exists a neighbourhood Uq C Ai^ with the property 
that qo G Uq and, for almost all (regular) points q G Uq, 



(8.24) 



E+ = j K (B\ + (M)) 
E- = j K (Bl_(M)) 



H K \ + (M, M) , 
H^_(M,R) . 
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8.2. The Kontsevich-Zorich cocycle is non- uniformly hyperbolic. 

Lemma 8.4. The set of quadratic differentials qo having the following 
properties is dense in M$'- 

(1) The horizontal foliation T qVl is Lagrangian (Definition 4.3); 

(2) Any neighbourhood C M$ of qo contains a compact positive measure 
set such that 

(a) all q G are Birkhoff generic points for the Teichmuller flow and 
Oseledec regular points for the Kontsevich-Zorich cocycle; 

(b) the stable and the unstable subspace of the Kontsevich-Zorich 

cocycle depend continuously on q G vjp ; 

(c) the Poincare dual P{Co) of the Lagrangian subspace Co := C(lF qQ ), 
generated by the regular trajectories of T m , is transverse to E~ for 

allqev£\ 

Proof. Let T^M) be the set of all isotopy equivalence classes of ori- 
entable measured foliations T on M with a finite set of canonical saddle-like 
singularities of multiplicities k := (ki, . . . ,k a ). Let T' K (M) C T K {M~) be the 
subset given by the measured foliations T such that there exists q G Q K with 
T q = T (or T- q = J 7 ). The space Q K has locally a product structure mod- 
eled on T' K (M) x T' K (M). Let U K = U+ x U~, C F' K (M), be any open 
subset of Q K having a product structure. By Luzin's theorem, there exists a 
compact set of positive measure V~~ C such that the basic cohomology 
map T — > H^ 1 (M,M.) is continuous on V~ . Let T§ be a density point of V~ 
and let E~~ = H^l(M,M). By Lemma 4.4, there exists a Lagrangian folia- 

tion G such that the Poincare dual P(Co) of the Lagrangian subspace 
Co := C{J-q) is transverse to Eq . Let qo G M + • IA K be the quadratic differ- 
ential uniquely defined by the condition (J 7 ^ , F-q ) G M + • ( J 7 ^ , ) and the 
condition that the total area A(qo) = 1. 

Let C .M^ be a neighbourhood of go- By construction and The- 
orem 8.3, the map q — > -E" is defined and continuous on a positive measure 

subset of ulp having density 1 at qo and the subspace P{Cq) is transverse to 
E~. Hence, by Birkhoff 's ergodic theorem, Oseledec's theorem and Luzin's the- 
orem, there exists a compact set of positive measure vjp C , consisting of 
quadratic differentials that are Birkhoff generic points for the Teichmuller flow 
and Oseledec regular points for the Kontsevich-Zorich coycle, such that the 
maps q — ► E^ are continuous and P(Cq) is transverse to E~ , for all q G 

□ 

Theorem 8.5. The Kontsevich-Zorich cocycle is non-uniformly hyper- 
bolic on every connected component of a stratum M$ ■ In fact, the Lya- 
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punov exponents of the normalized restriction of the absolutely continuous in- 
variant measure Hk to form a symmetric subset of the real line and satisfy 
the following inequalities: 

1 = Ai > A 2 > • • • > A s > > \ g+1 = -\ g >... 

' ' ' > ^2g-l = — A2 > A23 = — Ai = —1 . 

Proof. The argument will proceed by contradiction. If (8.26) does not hold 
on a connected component cjp C there exists a natural number k < g 

such that Afc / and \k+i = 0. Let E£ C 7^(M, R) be the /c-dimensional 
unstable invariant sub-bundle of the Kontsevich-Zorich cocycle, which corre- 
sponds to the set of strictly positive Lyapunov exponents {Ai, . . . , A^} in the 
Oseledec's decomposition. By Corollary 5.3 and 5.5, the function defined 
by (5.7) satisfies, for ^ ''-almost all q G cjp, the following identity: 

(8-27) ^ k {q,E+(q))=A 1 (q) + --- + A g (q) . 

Let {ci, . . . , c g } C i/ 1 (M g ,R) be any orthonormal system, with respect to the 
Hodge norm, such that {ci, . . . , C&} is a basis of E^(q) and let Cj = [^(mfq 1 / 2 )] 
be the harmonic representation (2.4). By formulas (2) and (3) in Lemma 5.2', 

(8.27) implies that 

(8.27') B q (mf,mp = , k + l<i,j<g. 

The argument will therefore be concluded by the construction of a subset of the 
connected component with positive measure (with respect to the measure 
fin^) where (8.27') does not hold. 

We claim that there exists a compact set of positive measure 
with the following properties: 

(1) All q G vjp are Oseledec regular points, hence the unstable subspace 
E£(q) C i^ 1 (M, R) is defined and it is a /c-dimensional (isotropic) sub- 
space. The mapping q — > E^{q) C -?/ 1 (M, R) is continuous on Vrt\ 

(2) For any e > 0, the flat structure induced by q G vH\ that is the flat 
Riemannian surface with singularities (M,R q ), contains g > 2 embedded 
metric cylinders A\ , . . . ,A g (in the sense of the Definition in [45, p. 457]) 
with non-horizontal waist curves jf, . . . ,7^ such that M \ U{7f , . . . , 7|} 
is homeomorphic to a sphere minus 2g disjoint disks and 

(8.28) d q (E+(q),P(T*)) <e, 

where P(T £ ) C fl^M,!*) is the Poincare dual of the (La grangian) sub- 
space T e C Hi(M,M) generated by the homology classes of the waist 
curves jf , . . . ,7^ and d q denotes the metric induced on the Grassmannian 
by the Hodge inner product on if 1 (M g ,R). 
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Let qo E C n a quadratic differential with the properties listed in the 
statement of Lemma 8.4. The existence of such a differential in every connected 
component of follows immediately from the density property asserted by 
the lemma. Since the horizontal foliation J 7 qo is Lagrangian, the flat structure 
induced by qo contains at least g > 2 flat horizontal cylinders with waist curves 
7i(<Zo)j-- - )7g(9o) which generate a Lagrangian subspace Co C Hi(M qo ,M). 
There exists a neighbourhood C of qo such that any q G has g > 2 
distinct closed (possibly non- horizontal) regular trajectories 71(g),... ,j g (q), 

isotopic respectively to 71(90), ■ ■ ■ , Jg(lo)- Let vjp C be a compact set of 
positive measure with the properties listed in Lemma 8.4. 

Let q G vjp and let T < be a backward return time of the Teichmiiller 
orbit Gt(q) to the compact set of positive measure 'Pi ^ . The quadratic dif- 
ferential qx '■= Gt(q) has therefore g > 2 closed non-horizontal regular tra- 
jectories 7i(<7t), • • • )7s((7t) which generate in the homology vector space the 
Lagrangian plane Co with Poincare dual P(Co) transverse to E~{qr). Let 
T T C Hi(M q ,Z) be the Lagrangian subspace generated by the homology 
classes of the closed non-horizontal regular (/-trajectories 7^ (<?),■•■ ,jj{q), 
obtained from 7 i((/t)>--- >7g(?T) by pull-back under the Teichmiiller map 
/ T : (M,g) -► (M,q T ). Let P(IY) C i? 1 (M 9 ,]R) be the Poincare dual of 
the subspace Ft- By definition of the Kontsevich-Zorich cocycle, P{Ft) = 
G K t{P{Co)) • Since P(Cq) is transverse to E~(qr), by the Oseledec's theorem, 
for any e > there exists T e < such that, if the return time T < T e , then the 
Lagrangian subspace P(F £ ) := P(Ft) satisfies the estimate (8.28). We there- 
fore choose a return time T < T £ and let { 7 f, . . . ,7^} := {"ff(q), • • • ,7j ((/)}• 
The embedded metric cylinders A\,... ,A £ g are then determined by the closed 
regular non-horizontal g-trajectories 7f , • • • ,j g - We have thus constructed a 

compact set of positive measure 7>jp C with the required properties. 

Let {71, . . . ,7 9 } be a set of disjoint simple closed curves on M such that 
M\{7i, . . . ,7 S } is homeomorphic to a sphere minus 2g disjoint (paired) disks. 
Let W«(7i,... ,7 9 ) be the open set of quadratic differentials q G Q K having 
closed regular non-horizontal trajectories 71(g), . . . , 7 S (<?) isotopic respectively 
to 71 , . . . , 7 9 . We will construct a smooth deformation 

(8.29) *:(0,l]»xW«( 7 i,... , 7fl ) - W«( 7 i, • • ■ >7 9 ) 

having the properties listed below. Let % := ^(g), i = (ti, ... ,t g ) G (0, l] 9 , 
then 

(1) if tj = 1 for all z = 1, . . . ,g, then q t = q. 

(2) if ti — ► for all « = 1, ... ,</, then the Riemann surface carrying q t 
converges to a Riemann surface with nodes, pinched along the curves 
71,... , 7 g , hence qt converges in the moduli space M. g to a quadratic 
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differential go G S g , the boundary component of the moduli space A4 g 
consisting of regular quadratic differentials on the Riemann sphere with 
2g paired punctures, having poles of order 2 at all punctures (considered 
in §4). 

(3) the zero set of qt coincides with the zero set S g of q for all t G (0, l] 9 and 
the cohomology class [9(% /2 )] = [9(g 1/2 )] G H l {M, £„ R). 

We will construct *t(g) as a composition of deformations ^\ i = 
1,... , g, pinching along 73. Let q G £4(71, . . . , 7s ) and let ^ 6 (0,tt) De 
the angle between the oriented horizontal foliation J- q and the closed regular 
oriented trajectory ji(q), isotopic to 7^. Let s G M, be the horocycle flow 
on Q g , given by the action of the one-parameter subgroup of SL(2,R) 

(8.30) Hf := 

Let Si := cot 6i G R. Then the horizontal foliation of the quadratic differ- 
ential H^ s .(q) G coincides with ,F g and 7i(g) is a closed regular vertical 
trajectory of H^ s .(q). In addition, since the set of closed regular trajecto- 
ries is invariant under the horocycle action, H^ s (q) G £4(71,... ,7 9 ). Let 
V K (7i) C £4(71, • • • , 7 S ) be the set of quadratic differentials having a closed reg- 
ular vertical trajectory ji(q) isotopic to 7$ defined in the proof of Lemma 4.4' 
and let $W : (0, 1] x V K (7«) — > V K (ji) be the deformation defined by the identity 
(a) in (4.31). We then define: 
(8.31) 

(a) := ff+ o o /f+Jg) , (t is 9 ) G (0, 1] x £4(71, ■ ■ ■ ,7 3 ) , 

(6) * t (g) := o • • • o , (i, g ) G (0, If x Z4(7i, • • • , lg) ■ 

It can be checked that the pinching deformation ^ : (0, l] 9 x £/ K (7i, • • • > 7p) — ► 
£/ K (7i, ... , 7 ff ) is well-defined and has the required properties. In fact, by con- 
struction, if q G £4(71,... ilg) an d 0j G (0, 7r) is the oriented angle of the 
oriented horizontal foliation T q and the closed regular non-horizontal oriented 
g-trajectory Jj(q), then 9j is preserved by the deformation \I/^(g), i,j = 
1, . . . , g. Hence, the composition in (b) is well-defined. The properties (1) and 
(2) hold by the definition (8.31) and by the corresponding properties of the 
deformations By its construction, in the proof of Lemma 4.4', $^(g) = q, 

if U = 1, and $Jf(g) converges in the compactified moduli space as tj — > 0, to 
a regular quadratic differential with 2 paired poles of order 2 and real strictly 
positive residues on a Riemann surface of genus g — 1 with 2 punctures. Hence 
g t := ^(g) converges, as U — ► for all i = 1, ... ,5, to a regular quadratic 
differential go £ <5g (on a punctured Riemann sphere with 2g paired punctures) 
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and real strictly positive residues at all punctures. Finally, (3) follows from the 

(i) 

corresponding property of <fr ti , established in the proof of Lemma 4.4 , since 
the horocycle flow Hf preserves the horizontal measured foliation. 

Let {ai, . . . , a g , b±, . . . , b g } be a canonical homology basis on a Riemann 
surface M and {6\,... ,8 g } be the dual basis of holomorphic differentials, 
defined by the standard condition 9i{cij) = 5ij. Let A C H±(M, M) be the 
Lagrangian subspace generated by the homology classes of the curves 
{ai,... , a g }. By the definition of the Poincare duality, the Poincare dual 
P(A) C H l (M, M) is generated by the cohomology classes of the harmonic 
forms . . . ,3(0 fl )}. Let q £ Q K and let 0+ := Oi/q 1 / 2 G L*(Af) be the 

corresponding meromorphic functions. Since 9(0j) = — the Lagrangian 

subspace P(A) is represented, under the IR-linear isomorphism defined in (2.4), 
by the g-dimensional real subspace Vl + („4) C generated by the system 
{i4>i , ■ ■ ■ ,i4>g~}. Let {mf, . . . ,m^} be any orthonormal basis of V+(A) over 
E, with respect to the (symmetric) inner product induced on V+(A) by the 
hermitian structure of L 2 (M). Let B be the symmetric complex matrix defined 
by Bij := B q (mf ,m~^). The matrix B depends on the quadratic differential 
and on the choice of the orthonormal basis {m^ , . . . , m^} of V^{A). By (4.4) 
and (4.5), we have: 

(8.32) B = C^^- (CT 1 , 

where C is the matrix of base change defined in (4.5) and n is the period 
matrix with respect to the canonical basis {a±,... ,a g ,b±,... ,b g }. Since in 
the present case the matrix C is purely imaginary, by (4.5) we have that 
CC l = —CC* = — 9(n). Let qo £ S g be a regular quadratic differential on 
the 2<7-punctured Riemann sphere with positive residues at all punctures. We 
claim that, if q — > qo as M q is pinched along the homotopically non-trivial 
curves a±, . . . ,a g , then 

(8.33) lim B q (mf ,mf) = , 

q— >g J 

uniformly with respect to the orthonormal basis {m\ , . . . ,m^} of V q + (A). In 
fact, by (4.5') and (4.33), 

(8-34) (4>tA+\ + ^-log|ti| 

is bounded as t — > 0, where t = (t±, . . . ,t g ) are the pinching parameters, de- 
scribed in §4, corresponding respectively to the curves 01,... , a g . It follows 
that the purely imaginary matrix C of base change converges, up to left mul- 
tiplication by a diagonal purely imaginary matrix, to the compact subgroup 
0(<7,R) C GL(<7,M) of real g x g orthogonal matrices. In fact, let A be the 
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g x g diagonal matrix with entries 
(8.34') A i:j := i 



log \U 



2ir 



1/2 



Sij 



By the boundedness of (8.34), as t — > 0, 

(8.35) A^C-* 0(g,R) . 

On the other hand, by Lemma 4.2 and Lemma 4.2', as t — > 0, 

(8.350 A-i^A-^ W 

The claim (8.33) follows then from (8.32), (8.35) and (8.35'). 

Let <jr(°) € be a density point of the compact set of positive measure 
pjp constructed above. Let e > and let {7^,... ,7^} be the system of 

disjoint closed curves with the properties stated in the description of at 
(2) (see p. 75). Let qf^ = ^t{l^) be the pinching deformation along the 
curves 7f , ■ ■ ■ , t| constructed above. Since q^ converges as t — > to a regular 

quadratic differential G 5 s with real strictly positive residues and there 
exists a canonical homology basis {a±,... ,a g ,b±,... ,b g } such that ai = 7?, 
for all z G {1, . . . , 5}, by (8.33) there exists r > such that the following holds. 
Let t G (0, \\b with \t\ < r and q := % (0) . Let {ci,... ,c g } C ^(M^R) be 
any orthonormal basis, with respect to the Hodge norm, of the Poincare dual 
P(r £ ) of the Lagrangian subspace T £ C Hi(M q ,M.) generated by the homology 
classes of the curves , . . . ,~f g and let a = [^{mjq 1 / 2 )] G H l {M q ,R) be the 
harmonic representation (2.4). Then 

(8.36) \B q (m+,mt)\ > \ , i = l,...,g. 

Let us choose t* G (0, l] 9 such that \t*\ < r and let ^ := * t for t = t* . There 
exists an open neighbourhood C U K (ai,... ,a g ) such that g(°) G wi ' ) , 
(8.28) holds for all g G nV^ and (8.36) holds for all g G **(z4 0) )- In fact, 
the first assertion follows from the fact that, by construction, E^{q) depends 

continuously on q G Vk~\ the latter from the continuity of the bilinear form B q . 
Finally, since the inequality (8.28) is preserved at any Oseledec regular point 
of the form ^t(g), q G by property (3) of Lemma 6.8 and Theorem 

8.3, if e > is chosen sufficiently small, the subset of regular points of the set 
ty*(U^ C\V^) yields a subset of of positive measure (with respect to fi^) 
where the identities (8.27') fail for alH = j G {k + 1, . . . ,g}. □ 

8.3. The Oseledec's theorem for the bundle of closed currents of order 1. 
By Theorem 8.3, which describes the invariant sub-bundles of the Kontsevich- 
Zorich cocycle in terms of basic currents of order 1, and Theorem 8.5, which 
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proves the (non-uniform) hyperbolicity of the cocycle, we can derive an Os- 
eledec's theorem for the restriction of the cocycle G% to the bundle of all closed 
currents of order 1. This is a crucial step in order to obtain results on the 
deviation of ergodic averages for measured foliations. In fact, by the stan- 
dard trace theorem for Sobolev spaces [1, Th. 5.4 (5)], the (return) leaves of a 
1-dimensional foliation on a 2-dimensional manifold can be regarded as cur- 
rents of order 1. 

Lemma 8.6. The forward and backward Lyapunov spectra of the cocycle 
G° on the Hilbert bundle H~ l (M), defined by (8.1), are contained in the closed 
interval [—1, 1], in the sense that, for all q G M$ and any V G H q ^ 1 (M), 

(8.37) -1 < liminf i- log |G?(D)|_i < limsup^- log |G?(D)|_i < 1 . 

t^ioo \t\ t^>±oo \t\ 

The forward and backward Lyapunov spectra of the cocycle G c t on the Hilbert 
bundle 7i~ 1 (M), defined by (8.2), (8.2'), are contained in the closed interval 
[—2, 2], in the sense that, for all q G and any C G Hg 1 (M), 

(8.37') -2 < liminf 1 log|G£(C)|_i < limsup^ log|G£(C)|_i < 2 . 

t~*±oo \t\ t^±oo \t\ 

There is a continuous (orthogonal) Gf-invariant splitting 

(8.38) H- 1 (M):=I-(M)®I+(M) 

into the closed infinite- dimensional sub-bundles I^(M) with fiber at q G M.^ 
given by 

#(M) := {C G H-\M) | t s C = 0} , 
Iq{M) := {C G H~ 1 (M) | i T C = 0} . 

The restriction of the cocycle G\ to I^(M) [I~(M)J has non-negative [non- 
positive] forward Lyapunov spectrum. A corresponding statement, reversing 
the role of J+ (M) and I~ (M) , holds for the backward spectrum. 

Proof. Since the L? q norm is invariant under the Teichmiiller flow Gt, by 
(2.7') and the definition (8.1) of G?, we have: 

(8.39) e" 1 * 1 < |G?(X>)|_i < e l*l |D|_i , 

where | ■ |-i denotes the norm induced on the fiber at any q G M$ by 
the Hilbert structure of H~ l (M). The bounds (8.37) follow immediately 
from (8.39). 
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The sub-bundles I^(M) are Gj-invariant by definition and, by the defini- 
tion (8.2) of G\, the Lyapunov spectra of G% on I^(M) can be obtained from 
the Lyapunov spectrum of G® by translation of ±1 respectively. The orthog- 
onal splitting (8.38) holds since M has dimension 2 and the bounds (8.37') 
follow from the bounds (8.37) and the splitting (8.38). □ 

Theorem 8.7. The infinite dimensional closed sub-bundle Z\(M) C 
H~ 1 (M) of closed currents of order 1 is G^-invariant and has a measurable 
G^-invariant splitting: 

(8.40) Zl{M)=B\ + {M)®B 1 Kt _(M)®S 1 K {M) . 

(1) The measurable sub-bundles B^±(M) have fibers equal to B± q (M), the 
finite dimensional vector space of basic currents of order 1 for T± q , at 
fj,^ -almost all quadratic differentials q £ M^k' '■ The sub-bundle £\(M) C 
Z\(M) is the closed infinite dimensional continuous bundle of exact cur- 
rents, which has everywhere defined fibers £ q (M) := {dU \ U G L q (M)}. 

(2) The restriction of the cocycle G% to the bundle 

Bl{M)=B\ + {M)@B\_{M) 

is measurably isomorphic to the Kontsevich-Zorich cocycle Gf z on the 
real cohomology bundle 7ij.(M,W), hence it has the Lyapunov spectrum 
(8.26). The invariant sub-bundles B\±(M) correspond to the (strictly) 
positive, respectively (strictly) negative, Lyapunov exponents. The Lya- 
punov spectrum of G c t on E\ (M) is reduced to the single Lyapunov expo- 
nent 0. 

Proof. The bundle Z\(M) and the splitting (8.40) are G£-invariant by 
the definition (8.2), (8.2') of the cocycle G\. By Lemma 8.1, Theorem 8.3 and 
Theorem 8.5, the restriction of G c t to the sub-bundle B\(M) is measurably 
isomorphic to the Kontsevich-Zorich cocycle, hence it has Lyapunov spectrum 
given by (8.26). In fact, the restriction of the cohomology map j K , defined by 
(8.3'), to B\(M) is injective by Lemma 8.1(4), and surjective by Theorem 8.3 
and Theorem 8.5. By Lemma 8.1(1), it follows that j K is an isomorphism of 
the cocycle G% onto the Kontsevich-Zorich cocycle Gf z . By Lemma 8.1(3), 
the Lyapunov exponents of G% on B\ + {M) [on B\_(M)] are strictly positive 
[strictly negative]. 

The forward and backward Lyapunov spectra of the restriction of the cocy- 
cle G£ to the sub-bundle S\ (M) of exact currents are reduced to the Lyapunov 
exponent 0. In fact, since |df7|_i < |J7|o and the L q norm is invariant under 
the Teichmiiller flow, 

(8.41) limsup^-log|G t c ((if/)|_i < limsup — log |f7| = . 

t->±oo \t\ t^ioo \t\ 
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On the other hand, if the horizontal and vertical foliations J-± q are ergodic, 
dU / implies that the currents (SU)*r? T G I~(M) and (TU)*r] S G I+(M), 
which are the projections of dU given by the splitting (8.38) are non-zero. 
Hence, by Lemma 8.6, 



Remark 8.7' . There is no exhaustive theory of Lyapunov exponents for 
cocycles on Hilbert or Banach bundles. In particular, the available general 
results ([55] and references therein) do not seem to apply to the cocycles G® 
and G% . It is possible to deduce from Theorem 8.7 some additional information 
concerning the Lyapunov spectrum of G®, namely that its forward Lyapunov 
spectrum contains the Lyapunov exponents 



but no Oseledec's decomposition of the bundle H~ 1 (M) seems to exist. The 
Lyapunov spectrum of G% can be obtained from that of G\ as the union of the 
translate by +1 and of the translate by —1. 

9. The deviation of ergodic averages and open questions 

In this conclusive section of the paper we apply the results we have ob- 
tained on the Kontsevich-Zorich cocycle and on the cocycle G£ on the bundle 
of closed currents of order 1 to prove results concerning the deviation of the 
ergodic averages of measured foliations and of area-preserving smooth vector 
fields on higher genus surfaces. By Theorem 8.7 and by Sobolev estimates on 
the first return orbits as 1-dimensional currents of order 1, we derive Sobolev 
estimates valid for a sequence of 'best' return times. Then by a standard 
technical argument we deduce estimates for all times. 

9.1. The L? mean deviation and the cohomological equation. By the 
Gottschalk-Hedlund theorem, there is a relation between the deviation of er- 
godic averages and the existence of solutions of the cohomological equation. 
The topological version of the theorem, which states that the cohomological 
equation Xu = /, for a minimal flow generated by a vector field X, has a 
continuous solution u if and only if the ergodic integrals of / are uniformly 
bounded, was first proved in [22, Th. 14.11]. A proof can also be found in 
[32, Th. 2.9.4]. A similar theorem can be proved for L 2 solutions, although we 
were not able to find a reference. By the L 2 version of the Gottschalk-Hedlund 



(8.4T) 




□ 



(8.42) 



-1 + X g < ■ ■ ■ < -1 + A 2 < < 1 - A 2 < ■ ■ ■ < 1 - A, 
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theorem, Theorem 8.3 yields a negative answer to a question, left open in [18], 
concerning the existence of L? solutions of the cohomological equation. We 
therefore prove that the statement of [17, Th. A] is incorrect and should be 
replaced by [18, Th. A]. 

Theorem 9.1. For ^-almost all quadratic differentials q G M$ there 
exists (at least) a function f G Cq°(M \ with zero average, such that 
the cohomological equation Su = f has no solution u G L q (M). Let &l be 
the (almost everywhere defined) flow of the vector field S, by the Gottschalk- 
Hedlund theorem, 

(9.1) limsup | f f($ q (p,T))dT\ = +oo . 



Proof. Assume that the cohomological equation Su = f has a solution 
u G L\(M) for any / G C$°(M\ Then by the methods of Section 7.1 it 
would be possible to construct a 2g—l dimensional subspace of basic currents of 
order 1 for the horizontal foliation J- q . In fact, given any meromorphic function 
m + G M.q with zero average, the cohomological equation Su = —$t(m + ) 
would have a solution u G L q (M). The solution could be constructed as 
follows. Let uq be a smooth local solution of the equation Suq = — K(m + ) in a 
neighbourhood of the zero set E g , which can be obtained by Laurent expansion 
at the points of £ 9 and by the formulas (7.4). Let then u\ G L? q (M) be a 
solution of the equation Su\ = f\, where f\ := — 5ft(m + ) — Suq G Cq°(M\£ 9 ). 
The function u := uq + u\ G L? q (M) is therefore a solution of the cohomological 
equation Su = —$t(m + ). By formula (7.3), we could then construct a space 
of basic currents of order 1 for T q of dimension 2g — 1. In fact, we would 
obtain that the basic cohomology Hq ,:L (M,R) has codimension 1 in i? 1 (M, R), 
hence dimension 2g — 1. On the other hand, by Theorem 8.3, for almost all 
q G M^k \ Hq ,1 (M, R) coincides with the unstable subspace of the Kontsevich- 
Zorich cocycle, hence it has dimension (at most) equal to the genus g > 2. 
Since 2g — 1 > g > 2, we have obtained a contradiction. Hence, we have 
proved that there exists / G Cq°(M \ S g ) with zero average such that the 
cohomological equation Su = f has no solution u G L? q (M). 

By the Gottschalk-Hedlund theorem, if (9.1) were false, the cohomological 
equation Su = / would have a solution u G L? q (M). In fact, in that case the 
one-parameter family 



(9.2) 



ur(p):=~J f(<$> q (p,s))dsdT 
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would be bounded in L 2 (M). In addition, a computation shows that, if T q is 
ergodic, 

(9.2') Su T (p) = f{p) f(%ip,r))dT -+ f in L 2 q (M) . 

Any weak limit u G L 2 q [M) of the family (9.2) would therefore be a solution 
of the equation Su = f. Since we proved above that such an equation has no 
solution u £ Lg(M), it follows that (9.1) holds. □ 

The non-existence of L 2 (M) solutions for a cohomological equation 
Su = f, with / smooth and of zero average is therefore related to the ex- 
istence of unbounded deviation in the ergodic integrals of /. In the case of the 
torus T 2 (g = 1) this phenomenon does not occur for a full measure set of flows 
(given by a Diophantine condition). In the case of higher genus, as it was con- 
jectured in [38], the deviation of the ergodic integrals from the linear growth 
behaviour predicted by the ergodic theorem obeys, for a typical function, a 
power law with exponent A2 > 0. 

9.2. Sobolev estimates for the (first) return orbits. The key idea of our 
argument consists in studying the dynamics of the flow G\ on the infinite- 
dimensional non-closed sub-bundles T^ C H'^ 1 (M) generated by segments of 
leaves of the horizontal and vertical foliations. Let T > 0. We denote by 
7± 9 a positively oriented segment of length T > of a leaf of the measured 
foliation T± q respectively. By trace theorems for Sobolev spaces, the vector 
spaces generated by the segments 7±„ are subspaces of the space W~ 1 (M) of 
1-dimensional currents of order 1. In addition, they are invariant under the 
action of the cocycle G\. Let &± q , T G IR, be the (almost everywhere defined) 
flows of the vector fields S, T respectively. The foliations T± q are almost 
everywhere the orbit foliations of the flows &± q - Let a := f + r]T + f~VS £ 
H\{M), then 

(9.3) 7±,(«)= f ' f ± {^± q {P ± ,r))dr , 

J 

where 6 M are the starting points of the oriented segments J± q - The 
ergodic averages of the functions / ± G H\{M) can therefore be understood by 
studying the dynamics of the 'renormalization' cocycle G% on T^. 

The first step consists in an estimate of the norm of 7^ in 7i~ l (M). Let 
\q\ denote the -R^-length of the shortest saddle connection of the quadratic 
differential q G ■ 
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LEMMA 9.2. There exists a constant K > such that, for all quadratic 
differentials q G M^k\ 

( 9 - 4 ) l7±,k- 1( M) < K ( 1 + ^l) ■ 

Proof. Let d q (M) be the maximum distance of any point in M to a zero. 
By [45, Cor. 5.6] there is a constant K± > 1 such that d q (M) < i^i/|g| or 
d g (M) < ^/V^"- Since |g||/2 < d q (M), it follows that there is K 2 > 1 such that 
IMI < ^2- Let 5 := 191/3. Let 7+ := j+ q be a regular segment of length T > 
of a leaf of the horizontal foliation The case of a regular segment 7_ := 7^ 
of a leaf of the vertical foliation is similar. For all but a finite number of points 
p £ 7+, the vertical segment 7* (p) of length 25, centered at p, is well-defined. 
At the exceptional points pi,... ,Pn £ 7+ (ordered in the positive direction 
along 7+) the vertical leaf through pi meets a singularity at a distance from pi 
less than 5. Let 7+(pj,pj+i) be the open horizontal segment with endpoints pi, 
Pi+i- By the definition of 5 > 0, the i? g -length L q {^ + (pi,pi + i)) > 5. Otherwise, 
there would be two singularities at a distance strictly less than 36 = \\q\\, in 
contradiction with the definition of \\q\\. By possibly introducing additional 
points, we can assume that the following holds: 

S <L q ( 7+ ( Pi ,p i+1 )) < 25 , 1 < i < N - 1 , 

(9.5) 

L qVY+(po,Pi)) , L q (j + {p N ,p N+1 )) < 25 , 

where po, pn+i are the endpoints (ordered in the positive direction) of 7+. Let 
Ri C M 2 , < i < N, be the open rectangles defined by 

(9.6) R l :={(x,y)eR 2 \0<x<L q ( 1+ ( Pi , Pl+1 )), -5 < y < 5} . 

We claim that there are isometric embeddings of the rectangles Ri into (M, R q ) 
such that the image of the horizontal segments 7« = Ri n {y = 0} coincide with 
1+ipuPi+i)- In fact > let p^ p' £ 1+{pi,Pi+i)- If 7-(p) n 7-(p0 / 0, then, by 
the Pythagorean theorem, there would be a homotopically non-trivial regular 
closed geodesic of length at most V 4<5 2 + 4<5 2 < 35 = \\q\\. Hence, there would 
be an embedded cylinder with waist of length < ||g|| [58, Chap. IV, §9.3]. The 
boundary of such a cylinder should then contain at least one saddle connection 
of smaller or equal length, in contradiction with the definition of 

Let R at b := {(x,y) G M 2 \ < x < a , — b < y < b. By a rescaling 
argument, that is, by reducing to the case of a = b = 1 by an affine change 
of coordinate and by the Sobolev trace theorem [1, Th. 5.4 (5)], there exists a 
constant K3 > 0, such that 



(9.7) 



f a (a\ 1 / 2 

f(x,0)dx <K 3 \^-J max{a,b,l}\f\ H i {Rab) 
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By applying the inequality (9.7) to each of the rectangles Ri C M q , < i < N, 
by (9.3) we get 



(9-70 |7i(«)l 



f + VT 



<^ 4 |/ + |i <K 4 \a\i , 



where K4 := 2 1 / 2 i^2^3- The estimate (9.4) is then a consequence of (9.7') 
and of the inequality N — 1 < T/S, which follows from the first inequality of 
(9.5). □ 

A point p G M is regular with respect to a measured foliation T if it does 
not belong to a singular leaf of T . Let q G M$ ■ A point p G M will be said to 
be q-regular if it is regular with respect to the horizontal and vertical foliations 
T± q . The set of ^-regular points is of full measure and it is equivariant under 
the action of the mapping class group and of the Teichmuiler flow. Let p G M 
be ^-regular and let I± q {p) be the vertical [horizontal] segment of length \q\/2 
centered at p. A forward horizontal [vertical] return time of the point p G M is 
defined to be any real number T± q (p) > such that &±q{p, T±q(p)) G I^ q (p). 
If T > is any horizontal [vertical] return time of a ^-regular point p G M, the 
horizontal [vertical] forward segment J± q (p), with initial point p, will be called a 
forward horizontal [vertical] return trajectory at p. There is a natural map from 
the set of horizontal [vertical] return trajectories into the set of homotopically 
non-trivial closed curves. The closing of any horizontal [vertical] trajectory 
segment J± q (p) is defined by 

(9-8) 7±» == 7±,(P) U 7 (p, *±,(p, ^)) , 

where 7(7?, 3>± g (p,7~)) is the shortest geodesic segment joining the endpoints 
Pi ^±q{PiT) of the trajectory segment (which exists by [58, Th. 18.2.2]). 

Let T±){p) be the forward horizontal [vertical] first return time of the 
^-regular point p G M, defined to be the real number 

(9.9) T^ijp) := mm{T > | $±,(p,T) G / T ,(p)} . 

The corresponding forward horizontal [vertical] trajectory 7 ±^(p) with initial 
point p will be called the forward horizontal [vertical] first return trajectory 
at p. We have the following estimate for first return times: 

Lemma 9.2'. There exists a measurable function K r : M. R — > M + suc/i 
i/iai, z/ T± q \p) is the forward horizontal [vertical] first return time of a 
q-regular point p G M, then 

(9-10) k||/2<r«(p)<^ r (g) . 



DEVIATION OF ERGODIC AVERAGES 



87 



Proof. Since J± q {p) is a closed curve not nomotopic to zero, there exists 
a shortest geodesic in its homotopy class [58, Th. 18.4.]. If such a geodesic 
contains singular points, then its length is > \\q\\. Otherwise, it is the waist 
curve of an embedded flat cylinder. Since the boundary of any flat cylinder is 
the union of saddle connections, the lower bound \\q\\ is valid also in this case. 
Since I± q {p) has length |g||/2, T± q \p) > \\q\\/2. 

For all q G M. K , the functions p — > T± q \p) are almost everywhere defined 
and simple, in the sense that they are locally constant and take only a finite 
set of values. In fact, if / T is an interval transverse to J-± q of length 5 > 0, 
the Poincare return map on 1^ is an orientation-preserving isometry with 
(at most) a finite number of discontinuities, hence it is an interval exchange 
transformation with (at most) a finite number of sub- intervals. On each sub- 
interval T±q(p) is constant. The function 

(9.10') K r (q) := max{^ } (p) | p € M is (/-regular} 

is therefore well-defined and everywhere finite. It can be proved that K r is 
lower semicontinuous, hence measurable, and (9.10) holds by the definition 
(9.10'). □ 

9.3. Special sequences of ' close' return times. Special sequences of return 
times for the horizontal [vertical] foliation of a generic quadratic differential 
can be constructed by considering return times of the Teichmiiller geodesic 
flow. This will clarify in what sense the Teichmiiller flow Gt and the cocycles 
Gf z , G% play the role of a 'renormalization dynamics' for orientable measured 
foliations. Let q G be a Birkhoff generic point of the Teichmiiller flow 

Gt and let S K {q) C M$ be a smooth compact hypersurface of codimension 1, 
containing q and transverse to the Teichmiiller flow. Let (tk) be the sequence 
of return times of the orbit {G t (q) \ t G M} to S K (q). Since, by definition, 

(9.11) (T qt ,T- qt ) = (e~ t T q ,e t T- q ) , 

if t = tk < is a backward return time of Gt(q), any forward first return 
trajectory of the horizontal foliation J- qt is a forward return trajectory of the 
horizontal foliation provided \tk\ is sufficiently large. In a similar way, 
if t = tk > is a forward return time of Gt(q), any forward first return 
trajectory of the vertical foliation T- qt is a forward return trajectory of the 
vertical foliation T- q . In all the arguments which follow we will consider the 
case of the horizontal foliation, the case of the vertical foliation being similar. 

By closing the return trajectories of the horizontal [vertical] foliation, as 
in (9.8), we obtain closed currents of order 1. The evolution of such currents 
under the action of the Teichmiiller flow is therefore described by the cocycle G c t 



88 



GIOVANNI FORNI 



on the bundle Z\(M), studied in Section 8.3 (in particular Theorem 8.7). We 
describe below a relevant additional property of the Oseledec's splitting (8.40). 

In Theorem 8.7 we have proved that the Lyapunov spectrum of the co- 
cycle G\ on the bundle £-\(M) of exact currents of order 1 is reduced to the 
single Lyapunov exponent 0. In fact, there exists a Lyapunov norm on £^(M), 
invariant under G\. Let C be an exact current of order 1, then C = dU , where 
the function U G L q (M) has zero average. 

Lemma 9.3. The norm \ ■ \ q , defined fiber-wise on the bundle £\{M) of 
exact currents of order 1 as 

(9.12) \dU\ q := \U\ L 2 {M) , f Uu q = 0, 

JM 

is invariant under G%. There exists a continuous function K : j\4$ — > R + 
such that, for all q G and dU G £ q (M), we have: 

(9.12') K(q) \dU\ q < \dU\ H -i {M) < \dU\ q . 

Proof. The norm \dU\ q is invariant under the flow G\, since G1(dU) = dU 
and the inner product of the Hilbert space l? q (M) is invariant under the action 
of the Teichmuller flow Gt on M. K . The second inequality in (9.12') follows 
immediately from the definition (9.12). 

Let q G M. K be a quadratic differential. By [18, Prop. 4.3A], the following 
splitting holds: 

(9.13) H° q := {U G L 2 q (M) | ! Uoj q = 0} = R(d+) R(d~) , 

JM 

where -R(<9^) C L? q {M) is the range of the Cauchy-Riemann operator on 
the weighted Sobolev space H q (M). By [18, Prop. 3.2], the subspace R(d+) 
[R(d q )] is the orthogonal complement in L q (M) of the finite-dimensional sub- 
space M~ [M q \ of anti-meromorphic [meromorphic] functions. Since the 
Cauchy-Riemann operators di^ depend continuously on the quadratic differ- 
ential q G M K , there exists a continuous function K\ : M K — > IR + such that 
the following holds. If U G H q , then there exist functions G H q (M) such 
that 



(9.14) 
Hence 

(9.14') 



U = d+v + + d~v- , 
k ± |i < Ki{q) \U\ L 2 {M) 



\u\l={u,d + v + + d~v-) q 

< 2\dUU(\v + \ l + < AK^U^dUU . n 
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Let q G M$ be a regular point for the Kontsevich-Zorich cocycle (in the 
sense of the Oseledec's theorem). Let 

(9.15) A; = 1 > A' 2 > • • • X' s > > -X' s > ■ ■ ■ > —X[ = -1 

be the distinct Lyapunov exponents at q of the Kontsevich-Zorich cocycle. By 
Corollary 2.2 and Theorem 8.5, there exists s E {2,... ,g} such that (9.15) 
holds. It has been conjectured in [38], on the basis on numerical evidence, 
that the Lyapunov spectrum of the Kontsevich-Zorich cocycle is simple, hence 
s = g. By Theorem 8.7, there exists an Oseledec's splitting 

(9.15') Z\[M) = E+(q) ■ ■ ■ Et(q) E^{q) ■ ■ ■ E~(q) S\{M) , 



where E i (q), i E {1, . . . s}, is the eigenspace of the cocycle G% corresponding 
to the Lyapunov exponent ±X[ and S q (M) is the closed infinite-dimensional 
subspace of exact currents of degree 1 . The subspaces Ef (q) are finite dimen- 
sional with dimension equal to the multiplicity of the Lyapunov exponent A^, 
while the subspace £*(M) is infinite-dimensional. 

Let ILf : Z\{M) - Ef{q), i G {1, . . . , s}, U £ q : Z\{M) E\(M) be 
the projections determined by the splitting (9.15'). Such projections can be 
extended to the (Hilbert) space H~ l {M) by composition with the orthogonal 

projection onto the closed subspace Z q (M). Let 5 K : IR + be the 

distorsion (in the sense of [41, Chap. IV, §11, p. 269]) of the splitting (9.15') 
with respect to the 7i~ l norm on B^(M) © M l _ q {M) and the Lyapunov norm 
| • \ q (introduced in Lemma 9.3) on £ q (M): 



(9.15") S K (q) := sup 



"D " r^r^ 

c \C\ti 



where the supremum is taken over all currents C G Z\(M). 

Let v£ ] C be a compact set satisfying the following conditions: 

(1) All q G Vk are Birkhoff generic points for the Teichmuller flow Gt and 
Oseledec regular points for the cocycle G%; 

(2) is transverse to the Teichmuller flow and has positive transverse mea- 
sure; 

(3) the distorsion 5 K , defined by (9.15"), is continuous (hence bounded) on 

1 K 1 

(4) the function K r : — ► that is the upper bound (9.10) on the first 
return times of the horizontal and vertical foliations, is continuous (hence 
bounded) on . 
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It follows from the ergodicity of the Teichmiiller flow (Theorem 1.1), from 
Theorem 8.7, Lemma 9.2' and Luzin's theorem that the union of all sets 
with the properties (l)-(4) is a full measure subset of ■ 

Let q G vjp and (i&)fceN be the sequence of return times of the backward 
orbit {Gt(q)\t < t\ = 0} to . Let p G M be any g-regular point. A 
principal sequence of forward return times at p for the horizontal foliation T q 
is the sequence 

(9.16) rW(p):=rW (9) (p)exp|t| , t = t fc . 

The horizontal forward trajectory at p corresponding to a principal return 
time Tg k \p) will be called a horizontal principal return trajectory at p and 
denoted by Jq k \p). We remark that a horizontal principal return trajectory 
7<j^ (f>) coincides with the horizontal first return trajectory at p of the quadratic 
differential G t (q), t = t^ < 0. A similar construction holds for the vertical 
foliation T- q by considering forward return times of the Teichmiiller flow. 

Lemma 9.4. Under the conditions (l)-(4) there exists a constant K-p > 
such that the following holds. Let q G and 7?"(p), T > 0, be a forward 

trajectory with initial point a q-regular point p G M. There exists a finite 
sequence of points (pj) C 7^~(p), 1 < A; < n, 1 < j < m^, suc/t i/tai the 

principal return trajectories ^\p^p) C 7^(p) c?o noi overlap and, in addition, 

n m k 

T» = EEf'(ff) + *f(p)> 
fc=i i=i 

(9.16') m fc <tf7>exp(|t fc+1 |-|t fc |) , 

L q (bJ(p))<K v . 

Proof. The proof is based on the following estimate on principal return 
times. By (9.16), Lemma 9.2' and condition (4), there exists a constant K pr > 
such that, for all q G vji \ all ^-regular points p G M and all k G N, 

(9.17) tf" 1 exp |t fc | < T«(p) < exp |t fc | . 

Let n = max{/c G N\Tq k \p) < T}. The maximum exists (i.e., is finite) by 

(9.17). Let p^ := p. The sequence (p^) with the properties stated in (9.16') 

(k) 

can be constructed by a finite iteration of the following procedure. Let pj be 
the last point in the sequence already determined and let 

(9-18) pfl := * s (p<*> ,TW(pW )) G 7 » • 



DEVIATION OF ERGODIC AVERAGES 



91 



Let then k' G {1, . . . , k} be the largest integer such that 

(9.18') %{ P %ri k '\ P fl))^^{p). 

If k' = k, let P^li '■= If k' < k, let := j, = (no points) for all 

kl < h < k and p{ ■* := p^ k J. The iteration step is concluded. By (9.17) we 
have: 

(9.19) K- 1 exp \t k \ m k < Tj k +1 \pf } ) < K pr exp |t fc+1 | . 

The length of the remainder bj(p) has to be less than any upper bound for 
the length of first return times. Hence, by (9.19), Lemma 9.2' and condition 
(4), the estimates in (9.16') are proved and the argument is concluded. □ 

9.4. The main theorem on the deviation of ergodic averages. 

Theorem 9.5. For almost all quadratic differentials q G M.^ and almost 
all points p G M q the following holds. Let jj(p) be the horizontal forward 
trajectory segment of length T > with initial point p. Then, for all i G 
{l,...s}, 

iog|n+»( 7g r (p))l-i 
r m + U oo P uir = A - 

(9.20) limsup ^mi. 0l 



r^+oo logT 

log |nf (^0))|_! 

hm sup — 

r^+oo logT 



Proof. The argument consists of two parts. We first prove the upper 
bounds implicit in (9.20), then the lower bound. 

Upper bound. By Lemma 9.4 the estimate can be reduced to the case 
of a principal return trajectory ^q\p). Let be a compact set satisfying 
conditions (1)— (4) listed in Section 9.3. By Lemmas 9.2, 9.2' and the conditions 
(3), (4), there exists a constant K\ > such that the following holds. Let 
q G V$ and p G M be a ^-regular point. Let ^\p) be the first return 
horizontal trajectory at p. Then 

( ' ] |nf(7«W)l ? <^, 

where the closing operation 7 — > 7 of a return trajectory is described by (9.8) 
and I • \ q is the Lyapunov norm on £^{M) defined in Lemma 9.3. The currents 
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of order 1 given by the principal return trajectories can be obtained by the 
action of the cocycle G\ on the first return trajectories: 

(9-22) 7 <*> (p) = Gt t ( 7 W W (p)),t = t k <0, 

where (t k ) is the sequence of backward return times of the Teichmiiller orbit 
Gt(q) . Hence, by Theorem 8.7, Lemma 9.3 and the invariance of the 
Lyapunov norm | • \ q under the cocycle G%, if A+ > A^ > and — A^ < A~ < 0, 
there exists a constant K 2 > 0, such that 

, \V?(% k) ( P ))\-i<K 2 eM^\tk\), 

" \n £ q (^(p))u<K 2 . 

By Lemma 9.4 the trajectory jj(p) can be split as a union of principal return 
trajectories and a uniformly bounded remainder. Hence, by Lemma 9.2, (9.11) 
and (9.22'), there exists a constant K3 > such that 

\n?{-yJ(p))\-i<K 3 £ m k exp(\±\t k \) , 

(9 22") 1 " fc - n 

|nf < ^3 £ m k . 

l<k<n 

Since the transverse set has positive transverse measure, by the ergodic- 
ity of the Teichmiiller flow (Theorem 1.1) and Birkhoff ergodic theorem, the 
backward return times (t k ) have the following property: 

(9.23) lim M = I 

fe^+oo k n 

where [i := /j,(V^) > is the transverse measure of . Let < <$ -C 1///. 
By (9.23) there exists N 5 eN such that, for all k> N s , 

(9.23') (- - S)k < \t k \ < (- + 5)k , 

hence, by the estimates proved in Lemma 9.4 and (9.23'), there exist constants 
K ?x, > such that, for all n> N s , 

1-1,0 f/,,0 

{9 24) |n?(7f(p))l-i<«S + *$|e*p{(^ + (Af + 2)*)n} - 1| , 

|nf( 7 f(p))|-i<Jir3 + <lexp(25n). 
On the other hand, by the choice of n £ N in Lemma 9.4, 

n = max{A; G N | T q ^(p) < %.}, 
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hence, by (9.16) and Lemma 9.2', there exists a constant K/± > such that 

(9.24') K 4 exp{{- - 5)n} < K 4 exp(\t n \) < T . 

A 4 

By (9.24) and (9.24'), 

log|n+ i ( 7 f(p))|- 1 A+ + (A+ + 2)fi6 

Inn sup : — ^ < -! j , 

r^+oo log T 1 - /id 

(9.25) hm sup ^SMMlh < 0. V + (V + « 



r- 



logT " l-/i<5 



log|nf( 7 f(p))|_i 2/i«5 
hm sup ^ — — < 



r^+oo logT l-/i<5 

Since < <5 <C l//i and A^~ > A^ > 0, A~ < — A^ < are arbitrarily chosen, the 
upper bound in (9.20) is proved. 

Lower bound. We claim the following statement holds. For /i^-almost 
all quadratic differentials q G A^L 1 ' 1 , there exists a full measure set A q C M q 
(consisting of (/-regular points) with the following property. For each p G A q , 
there exists a diverging sequence % := T^{p) of positive times such that 

log|n+ i (7^(p))l-i 
(9.26) lim & l i WjW/l = A _ 

fc^ + OO lOg 7^; 



We remark that it is sufficient to find a positive measure set in every 
connected component of the moduli space M$ with the property that (9.26) 
holds on a set A q C M q of positive measure. In fact, since almost all quadratic 
differentials have ergodic horizontal foliation [43], if (9.26) holds on a positive 
measure subset of M q , it holds on a full measure subset. Then, by the ergodicity 
of the Teichmiiller flow on each connected component of the moduli space 
(Theorem 1.1), if (9.26) holds for almost all p G M q on a positive measure 
subset of a connected component C M^k \ then it holds on a full 
measure subset of . 

Let qo G be a quadratic differential with Lagrangian horizontal folia- 
tion satisfying the properties listed in Lemma 8.4. The flat structure induced 
by qo contains at least g > 2 embedded flat cylinders with waist curves 

7j°\ 3 ^ {!)••■ >#}) such that the subspace £o C i?i(M go ,R) generated by 
{7i°\ • • • jTg '*} is Lagrangian. Let /ij > be the height of the cylinder A^\ 
Then A^p = 7^ x (—hj/2, hj/2). There exists a compact neighbourhood 
of go i n such that all q G have embedded flat cylinders Aj(q) with 
waist curves isotopic to 7 and, in addition, the following two properties hold: 
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(1) the closing ~j q (p) of the g-horizontal first return trajectory of any point 
p G Aj(q) is isotopic to a waist curve of Aj(q) in M q \ S ? ; 

(2) there is a strictly positive lower bound for the area of all cylinders Aj(q) C 

Let pjp C be a compact positive measure set satisfying the conditions 
listed in Lemma 8.4 and, in addition, the conditions (1) — (4) listed in Section 
9.3. Since, by (2c) in Lemma 8.4, the Poincare dual -P(-Co) of the Lagrangian 
subspace Cq, generated by the waist curves { / yf ) \... ,^ g ^}, is transverse to 
the stable subspace E~(q), the condition (1) above implies the following. Let 
q G vjp and 11^, i G {1, . . . , s}, be one of the projections determined by the 
Oseledec splitting (9.15'). There exists a cylinder Aj^(q) such that 

(9.27) n*(7«(p)) , for all p (= A m (q) . 

By Luzin's theorem, conditions (3), (4) in Section 9.3, Lemmas 9.2, 9.2' and 

(9.27) , there exist a compact positive measure set V' K C vH\ on which the 
splitting (9.15') depends continuously on the quadratic differential, and a con- 
stant K§ > such that, if q 6 V' K , we have: 

(9.28) K' 1 < |n^7f <K 5 , p G A m {q) . 

Let q G V' K and (t n ) be the sequence of backward return times of the orbit 
Gt{q) to the positive measure set V' K . Let A^ := Aj^(q n ), q n := Gt n (q). Let 

p G -^jU) an d 7g™' ) (p) be the closing of the first return trajectory at p of the 
horizontal foliation of Gt„(q). Then, by Theorem 8.7, for any A~ < Aj < A+, 
there is a constant Kq > such that 

(9.28') K 6 - 1 exp(A-|t n |) < \IL q (^(p)) |-i < K 6 exp(A+|t n |) . 

Let T q n \p) be the return time of the return trajectory j q n \p), p G A^. By 
(9.17) there exists a constant K pr > such that, for all g-regular p G M q , 

(9.28") K- 1 exp \t n \ < 7>) (p) < K pr exp |t n | . 

All cylinders A^ n X have positive area in M q , uniformly bounded away from zero 
(as a consequence of the corresponding property of the cylinders Aj^(q) for 

all q G and of the invariance of the area form uj q under the Teichmiiller 
flow). Hence the set 

(9-29) A q := P| |J A% 

N&ln>N 

such that p G A q if and only if p G f° r infinitely many n G N, has positive 
measure in M g . In fact, the R q -aiea of A q is greater than any lower bound for 
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the Rq-area of the sets ^-juy This is a simple instance of the Kochen-Stone 
inequality [19, §6.2, Lemma 4]. By (9.28') and (9.28"), for each p £ A q there 
exists therefore a diverging sequence (n&) such that 

(9 .30, lim ^(ff'M)!-- = y 

fe-»+oo logTK) 

Let Tk(p) := T^ nk \ We have proved (9.26) for a positive measure set V' K of 
quadratic differentials in each connected component of the stratum M$ and, 
given any q G V' K , for a positive measure set A q C M q . By the above remark 
the argument is concluded. □ 



Remark 9.5'. In proving Theorem 9.5, we have in fact proved the following 
statement. For almost all q G M$ and any given e > there exists % := 
T £ (q) > such that, for all i G {1, . . . , s} and all ^-regular p G M q , 



iog|n^( 7 f(p))|-i 

sup — ^ < Ai + £ , 

(9.31) sup — ^ < e , 

log|nf (t^(p))I-i ^ 

sup — - < e . 

T>% logT 

In addition, for each i G {1, . . . , s}, there exist a cylinder A^\q) C M g , with 
vol q (Az l \q)^ uniformly bounded away from zero (independently of e > 0), and 
a real number := % {i \q) > such that, for all p G .#(<?), 

log|n+ i ( 7 ?i W (p))L i 

(9.32) ' 9 %) > ^ - e 



and there exists a constant > such that, for all p±, P2 G 

(9.32') n+*( 7 f V)) - n+*( 7 f 



The bound in (9.32') follows from the remark that all return trajectories 

' ] {p)iP £ -^e^ (#)) are isotopic in M q \ T, q to the waist curve of a flat cylinder 
(of uniformly bounded area). 

The argument also proves that the cohomology class of the closed current 
Iqip) stays within a bounded distance of the unstable subspace of the 
Kontsevich-Zorich cocycle in the cohomology group i? 1 (M, R). In fact, by 
choosing 5 > sufficiently small in (9.24), we obtain the following estimate. 
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There is a constant K q > such that, for all i € {1, ... , s} and all (/-regular 
points p G M q , 

(9.33) supin^^fCp))!-! <K q . 



9.5. The deviation for area-preserving vector fields and open questions. 
Let wbea smooth area form on a compact orientable surface M of genus g > 2 
with at most finite order degeneracies at a finite set E := {pi, . . . C M. 
Let z := ,v) satisfy the following properties: each is a negative 

integer and ^2%k = 2 — 2g. Let £^(M, E) the set of vector fields X such 
that the closed 1-form rjx '■= «xw is smooth on M and the orbit foliation 
Fx '■= {vx = 0} is a measured foliation in the sense of [62] with a saddle- type 
singularity of index z& at each point pt£S, k = 1, . . . ,a. The measure class 
on £^(M, E) is defined by pull-back of Lebesgue measure class under the map 
SUM, E) -► fT^M, E;R) given by the Katok's fundamental class [29]: 

(9.34) X -► [r? x ] G tf 1 (M , E; M) . 

For almost all X G S^(M, E), the orbit foliation JF^ can be realized as the 
horizontal foliation of an orientable quadratic differential q G Q$ [27, Chap. II] 
with k = —1%. Let dx be the connected component of the stratum of 
the moduli space such that q G and let 

(9.35) {(X' i (X),m i (X))\i = 1, . . . , s} C R + x N \ {0} 

be the positive Lyapunov spectrum (with multiplicities) of the Kontsevich- 
Zorich cocycle on the connected component ■ The distinct Lyapunov ex- 
ponents X[(X) = 1 > X' 2 (X) > ••• > X' S (X) > and the corresponding 
multiplicities rrii(X) = 1,... ,m s (X) (such that ^mj(X) = 5) are defined 
for almost all X G ££(M, E) and only depend on the connected component 
Cjp ■ The Kontsevich-Zorich conjecture (1.2) states that rrii(X) = 1 for all 
i G {1, ... ,s} (hence s = g). We have proved only the weaker statement that 
all the Lyapunov exponents are non-zero (Theorem 8.5). 

If X G £l,(M, E) and Tx = F q , there exists a strictly positive smooth 
function W = Wx, with zeroes of finite order at E, such that lo = W~ 1 Lu q , 
hence X = WS, where S is the normalized horizontal vector field for the metric 
R q , defined in Section 2, and co q is the area form of R q . Let 

(9.36) H^{M):={f\W- 1 f€H 1 (M)} 

be the related weighted Sobolev space of once weakly differentiable functions. 
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Theorem 9.6. For almost all vector fields X G ££(M, £), the vector 
space 1 X (M) of X-invariant distributions which belong to the dual weighted 
Sobolev space Hy^(M) {i.e. solutions V x G H^(M) of the equation SV = 0) 
has precisely dimension g > 2. There exists a splitting 

(9.37) 1 X (M) = Ji(Ai) ®1 X (X' 2 ) © • • • © 1 X (X' S ) , 

where the dimension of the subspace l x (X' i ) is equal to the multiplicity rrii{X) 
of the i th Lyapunov exponent X'^X) > of the Kontsevich-Zorich cocycle on 
the connected component C x \ such that the following holds. Let Q x denote 
the flow of the vector field X. Let f G Hy V (M) be any function such that 

(9.38) V x (f) = , for all V x G 1 X (X[) © ^(A' 2 ) © ■ ■ ■®T 1 x {\' i ) , 
then, if < i < s, for all p G M with regular forward trajectory, 

, Q oqn 1- lQ glJo f($x(p,T))dT\ 

(9.39) hmsup ¥ — - — < X i+1 {X) , 

and there exists T>f +l G T x {X' i+l ) \ {0} such that, ifT> x +l (f) / 0, then equality 
holds in (9.39) for almost all p G M. 

If i = s in (9.38), then, for all p G M with regular forward trajectory, 

, Q „ Q n log|/ T /($x(p,r))dr| 

(9.39 ) limsup — - — — = . 

Proof. The X-invariant distributions V x G H^{M) are related to 
5-invariant distributions V s G H~ 1 (M) by the following formula: 

(9.40) P x (/) = V^W-'f) , f G H^(M) . 

Let Ef{q) C Bg(M), i G {1, . . . , s}, be the eigenspace, corresponding to the 
Lyapunov exponent X'^X) > 0, of the Oseledec's splitting (9.15') for the restric- 
tion of the cocycle G c t on closed currents of order 1 to the connected component 
C^x . Let C^j G E^(q), j = 1,... ,rrii(X), be a basis for the space of basic 
currents of order 1 of the horizontal foliation T q = T x . By Lemma 6.6, the 
distributions 

(9.41) V^^C+jAvreH-^M) 

are S- invariant. Let T> x - be the corresponding X-invariant distributions given 
by (9.40) and let J^(A-), i G {1, ... ,s}, be the vector space generated by 
{V x tj \l<j< m t (X)}. Let a f := fn T , f G H\M). By (9.23), 

(9.42) 7, T (a/)= [ T ms(p,T))dT . 

Jo 
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Since, by (9.41), C+ (a/) = T>? d (f), it follows from Theorem 9.5 and (9.31) 
that (9.39) and (9.39') hold in the case X = S for all functions in fl^M). The 
S-invariant distributions Vf +l G ^s(^i+i)^ < i < s, such that T>f +1 (f) / 
implies equality in (9.39), are constructed as follows. By Theorem 9.5 and 
Remark 9.5', for each i G {1, . . . ,s}, there exist a sequence of flat cylinders 

(i) 

A k C M q , with area uniformly bounded away from zero, and a sequence 
> such that, for any sequence of (/-regular points p k ^ G A k \ 

k^+^ logT w 

Since LT+* projects onto a finite-dimensional subspace, by passing if necessary 
to a subsequence, we can define 

(9.43') Pf := lim € 4(Aj) . 

^ + °° |n^( 7 ? (p«))|-i 

By (9.32') the limit in (9.43') does not depend on the choice of the sequence 
of points 6 As in (9.29) we define 

(9.44) Af := n NeN U k > N Af . 

Since the area of the sets A® is uniformly bounded away from zero, Af has 
positive measure. By Theorem 9.5, (9.32'), (9.42), (9.43) and (9.43'), for all 
g-regular p G A q \ there exists a sequence % := Tk{p) > such that, if 
/ G H l (M) and V s (/) = for all G X^A'J • • • ©I^A^), 

(9-45) - 7 i- N £ k f^ s (p,r))dr -+ Vf(f) . 



n, +1 ( 7 ?(P)) 



Since A q ^ has positive measure and, for almost all q G the flow $5 is 

ergodic (see [35], [43]), (9.45) holds for almost all p G M q along a sequence 
7^ := Tk{p). We have therefore completed the proof of Theorem 9.6 in the 
case X = S. 

Let / G Hyy(M), then by definition W^f G H\M). Let 7 £(p) be the 
forward X-orbit of the (generic) point p G M up to time T > 0. We have 

[ T f(<p x (p,r))dr= [ W-'fvr , 
(9.46) 7 ° r 

/ W(^ x (p,r))dT = L q ( 7 ] c (p)) . 
Jo 
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In addition, by the Birkhoff ergodic theorem, for almost all p G M, 
(9.46') lim 1 / W(<S> x (p,T))dT = [ Wlo = [ u q = 1 , 

T^+oo i Jo J M J M 

Hence Theorem 9.6 for a vector field X = WS follows from the case X = S 
proved above. □ 

We conclude the paper by listing some related questions we have left 
unanswered: 

Question 9.7. Does the Kontsevich-Zorich cocycle have a simple Lya- 
punov spectrum, with respect to the canonical absolutely continuous invariant 
measure? The affirmative answer, conjectured by M. Kontsevich and A. Zorich 
in the joint paper [38], is strongly supported by the numerical evidence reported 
in [78], [79], [81], [38]. Our paper proves the conjecture in the case of g = 2. It 
is unclear to the author whether similar methods can yield a proof in the case 
of genus g > 3. 

Question 9.8. Is the Kontsevich-Zorich cocycle non-uniformly hyperbolic 
(or has it simple Lyapunov spectrum) with respect to other invariant ergodic 
measures of the Teichmiiller flow? In particular, it would be interesting, as 
J. Smillie suggested to the author, to know the answer for periodic Teichmiiller 
disks such as those constructed by W. Veech in [67], which correspond to a 
class of rational triangular billiards. By the methods developed in this paper, 
a preliminary step would be to answer the question whether the support of 
the invariant measure fi under consideration is contained in the determinant 
locus. In case the answer to the latter question turns out to be negative, it 
would then follow at least that A2 > (Theorem 3.3). It seems likely that in 
the case of Veech surfaces, other known methods would be more effective. The 
methods described in [21] can probably be applied to prove that the Lyapunov 
spectrum is simple. We owe this remark to A. Eskin. 

Question 9.9. Do there exist basis {Cf,... ,C^} C B\. q (M) of basic 
currents of order 1 for the horizontal, respectively the vertical, measured fo- 
liation T± q at an Oseledec regular point q G with the property that in 
fact Cf G Hq i ~ l {M), the dual Sobolev space of currents with negative expo- 
nent Aj — 1 ? This question was formulated independently by M. Kontsevich 
when we told him about the results of Section 8.1. According to Lemma 8.2, 
this question can be asked at any regular q G M.^ at which the Lyapunov 
exponents Ai, . . . , \ g are non-zero. A partial form of the question can also be 
asked in the case that, for any k G {1, . . . ,g}, the exponents Ai, . . . , A& are 
non-zero and Afc + i = 0. In the case k = 1, we remark that we can choose 
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Ci := rjs and C 1 := t]t, which are smooth currents. Hence we indeed have 
that Cf £ W^-^M) = H°(M). An affirmative answer in the case k > 1 
could possibly be obtained by strengthening the proof of Lemma 8.2. 

Question 9.10. What is the dynamical significance, if any, of basic cur- 
rents which are of order I > 1? We have proved in Section 7.1 that all coho- 
mology classes in a codimension 1 subspace of H l (M, R) can be represented 
by basic currents of order higher than 1. A natural speculation is that they 
are related to lower order (polynomial, sub-polynomial?) deviations of ergodic 
averages for sufficiently smooth functions. 
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